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0.1 Abstract 

This thesis is concerned with the theory of invariant bihnear differential pairings on 
parabohc geometries. It introduces the concept formally with the help of the jet bundle 
formalism and provides a detailed analysis. More precisely, after introducing the most 
important notations and definitions, we first of all give an algebraic description for pair- 
ings on homogeneous spaces and obtain a first existence theorem. Next, a classification 
of first order invariant bilinear differential pairings is given under exclusion of certain 
degenerate cases that are related to the existence of invariant linear differential opera- 
tors. Furthermore, a concrete formula for a large class of invariant bilinear differential 
pairings of arbitrary order is given and many examples are computed. The general 
theory of higher order invariant bilinear differential pairings turns out to be much more 
intricate and a general construction is only possible under exclusion of finitely many 
degenerate cases whose significance in general remains elusive (although a result for 
projective geometry is included). The construction relies on so-called splitting opera- 
tors examples of which are described for projective geometry, conformal geometry and 
CR geometry in the last chapter. 
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0.2 Thesis declaration 

This work contains no material which has been accepted for the award of any other 

degree or diploma in any university or other tertiary institution and, to the best of my 
knowledge and belief, contains no material previously published or written by any other 
person, except where due reference has been made in the text. 

I give consent to this copy of my thesis, when deposited in the University library, be- 
ing made available for loan and photocopying, subject to the provisions of the Copyright 
Act 1968. 
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0.4. CONSTANTS AND NOTATION USED THROUGHOUT 9 
Before you can fly, you have to learn how to wallfl 

0.4 Constants and notation used throughout 

1. Ai: a manifold of dimension n (for CR geometry Ai will have real dimension 
2n+ 1). 

2. g: a semisimple Lie algebra of rank I. 

3. [.,.]: the bracket in g. 

4. G: the simply connected Lie group with Lie algebra q. 

5. [): a fixed Cartan subalgebra of Q. 

6. p: a parabolic subalgebra of g. 

7. ko: length of the grading of g. 

8. Iq-. number of simple roots in S\Sp. 

9. tti, i = 1, /: simple roots of g. 

10. uji, i = 1, fundamental weights corresponding to the simple roots. 

11. / C {1,...,/}: indices that correspond to simple roots in S\Sp, i.e. to crossed 
through nodes. 

12. J = {1, /}\/: indices that correspond to simple roots in Sp. 

13. W: the Weyl group of g. 

14. VyP; the Hasse diagram of G/P. 

15. p = ^'=1 ^^i- integral weight in the dominant Weyl chamber which lies closest to 
the origin. 

16. B{., .): the Killing form of g. 

17. T(a): the tensor algebra of a Lie algebra a. 

18. il(a): the universal enveloping algebra of a Lie algebra a. 

19. Z{a): the center of the universal enveloping algebra il(a). 

20. gl;C: the endomorphisms of C'. These can be identified with C'^'. 
^Nolan Wallach, Brisbane winter school in mathematics. 
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21. ®: the tensor product symbol. 

22. 0: the symbol for the symmetric tensor product. 

23. A: the symbol for the skew symmetric tensor product. 

24. ®: the Cartan product of representations. 

25. Q: the total space of the principal bundle defining a parabolic geometry. 

26. Lu: the Cartan connection of Q (the Maurer Cartan form of G is denoted by umc)- 
Note that u; is also used as a symbol for the geometric weight of a representation, 
but the context should make the meaning clear. 

27. A: the adjoint tractor bundle. 

28. Va: the irreducible finite dimensional representation (of g or p) that is dual to 
the irreducible finite dimensional representation of highest weight A G {)*. 

29. J'^V: k-th order jet bundle of a vector bundle V. 

30. J'^V: k-th order weighted jet bundle. 

31. J'^V: k-th order semi-holonomic jet bundle. 

32. j'^V: k-th order restricted semi-holonomic jet bundle. 

33. £ or O: the bundle of smooth (or holomorphic) functions of A4. 

34. S"". the bundle of tangent vectors. 

35. £a' the bundle of one- forms. 

36. V*: the dual of the vector space (representation, bundle, etc.) V. 

37. Mp(V): the generalized Verma module associated to a representation V. 

38. V: a connection. 
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0.5 Introduction 

0.5.1 What this is all about 

It is generally known (see [5lj, p. 202), that on an arbitrary manifold Ai one can write 
down the Lie derivative Cx^^b of a one- form Uf, G T{T*A4) = fi^(A^) with respect to a 
vector field X" G r{TAi) = Vect(A^) in terms of an arbitrary torsion-free connection 
Va as 

where the indices used are abstract in the sense of |53| • This pairing is obviously linear 
in X" and in uo^j, i.e. bilinear, first order and invariant in the sense that it does not 
depend upon a specific choice of connection. In [43j, 30.1, it is shown that all such 
bilinear invariant differential pairings 

Yeci{M) X ^\M) 9}{M) 

are given by a two parameter family spanned by Cx^b and X°-{diS)abi where d denotes 
the exterior derivative. Demanding that a pairing is invariant in the sense that it does 
not depend upon a specific choice of connection within the class of all torsion-free con- 
nections (in [l3] those pairings are called natural) turns out to be rather restrictive. 
Instead, one can specify an equivalence class of connections and ask for invariance un- 
der change of connection within this equivalence class. This is a standard procedure 
in many different geometries. In conformal geometry, for example, one deals with an 
equivalence class of connections that consists of the Levi-Civita connections that corre- 
spond to metrics in the conformal class. In projective geometry, one is given a projective 
equivalence class of connections that consists of all those torsion-free connections, which 
induce the same (unparameterised) geodesies. This is equivalent (see pi], p. 2, Propo- 
sition 1) to saying that Va and Va are in the same equivalence class if and only if there 
is a one form Tq, such that 

VaCUfe = ^ a^b — 2T(aCi^fe), 

where round brackets around indices denote symmetrization, i.e. 

^{a^b) = ^{'^a^^b + TfoC^a)- 

As a consequence, the difference between the two connections when acting on sections 
of any weighted tensor bundle can be deduced (see [2l|, p. 2) and the invariance of any 
expression can be checked by hand. For vector fields, for example, we have 

VfcX'^ = VbX" + TfeX" + T.X^^fe^ 

so the invariance of the Lie derivative can be checked directly. It is also clear that 
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is a first order bilinear invariant differential pairing in that sense, where square brackets 
around indices denote skewing, i.e. V[aUJb] = ^(VaCo'fe — VfeCJa). 

To obtain a more interesting example of a first order bilinear invariant differential 
pairing in projective geometry, consider pairings 

r{Q^TM) X Q\M) O, 

where denotes the second symmetric product and O is the sheaf of holomorphic 
(or smooth) functions. The transformation rule for V"''' G Q^TAi under change of 
connection is given by VcV"^ = VcV"^ + 27^^^ + 2TdV'^'^''6c^\ This implies 

V'V^aOOb) = V"''V(,cu,) - 2V'^^T,u;fe and 
where n = dim(AI). Therefore the pairing 

does not depend upon a choice of connection within the projective class. 

It is natural to ask the question of whether these are all first order bilinear invari- 
ant differential pairings between those bundles and whether one can classify pairings 
between arbitrary bundles in general. 

In the following we will study exactly this question for a large class of geometries 
called parabolic geometries. These are special cases of Cartan's ^ espace generalised which 
are geometric structures that have homogeneous spaces G/P^ where G is a Lie group 
and P a subgroup, as their models. They are defined by a generalization of the principal 
P bundle 

P ^ G 
i 

G/P 

together with a Cartan connection that generalizes the Maurer Cartan form 

uj:TG^ Lie{G) = g. 

Riemannian geometry, for example, can be defined as a (torsion-free) Cartan geometry 
modeled on Euclidean space G/P with G = EuCnM, the group of Euclidean motions, 
and P = SO„(M), see [55]. In this case there exists a canonical connection, the Levi- 
Civita connection, on the principal bundle. If, however, P is a parabolic subgroup of 
a semisimple Lie group G, then the name parabolic geometry is commonly used. For 
each parabolic geometry there exists an equivalence class of connections (see [20]) and 
one can study invariant operators and invariant pairings as indicated above. 
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0.5.2 Invariant differential pairings on the Riemann sphere 

In this section we will classify all bilinear invariant differential pairings on the Riemann 
sphere CPi. This little warm-up exercise does not only give the reader an idea of how 
one might attempt to classify invariant bilinear differential pairings, but also produces 
a final formula that will turn out to hold in great generality. More specifically, the 
linear equations that we have to solve on the Riemann sphere are exactly those that we 
will have to solve twice again in this thesis in a vastly more general setting. One can 
see the reason for this phenomena by studying [35] , where it is explained how invariant 
linear differential operators on CPi give rise to all standard operators on a general four 
dimensional conformal manifold. 



The setup 

The basic objects that we can pair on CPi are sections of line bundles, traditionally 
denoted by 0{q), for g G Z, where 0{1) is the hyperplane section bundle. For reasons 
to become clear later, we will write 0{x) for 0{q). Invariance on CPi means invariance 
under Moebius transformations that act not only on CPi, but also on sections of 0{x) 
in a way to be described below. 

The sections of C(x) can be described by pairs of functions {/i}i=i,2 that depend 
on one variable z & C and and are related by fi{z) = C~'^/2(C) ^^i ( = —K More 
precisely, we are really concerned with local sections of these bundles. In that case the 
fi are defined in some (connected) open subset of C and are related on the overlap as 
indicated above. We can identify those sections with a function Sf : SL2C C, such 
that 



Then we have 



or equivalently 



/iW = ^/(^ J) and /2(C) = ^/(fi J) 



c d 



Again, /i,/2 and Sf need not be defined globally, but may just be given on some 
appropriate (open and connected) neighborhood of a point. In the sequel we will neglect 
this technicality for this expository example. 
SL2C acts on the space of sections by 

and hence by 
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and 

(0/2)(C) = (cC + a)V2' "^^^^ 



cC + a/ ' 



for 

, fab 
'^=[ c d 



It is easy to check that 

(0/i)(^) = C-^(0/2)(C), 

so {0/1, 0/2} is again a section of C'(x). The elements in SL2C are generated by the 
following three transformations 

1. {<l>h){z) = h{z + ^i) ior <j> = (^}^ J), 

2. = A-Vi(A2^) for = ^ ) and 

3. (0/2)(C)=/2(C + «^)for0 = 
A general differential pairing in the first coordinate chart z has the form: 



1 K 
1 



P:0(x)xC(x) ^ C(x) 



for some functions aij{z). P{f, 9)2(0 is defined analogously with C instead of z. In 
order for this to be an invariant differential pairing, the invariance equation 

P(0/,05)(;.) = (0P(/,5))(^), 

for (f) e SL2C, has to be satisfied. Moreover, we must have 

P{f,9)i{z) = C'P{f, 9)2(0, 

for C = —z~^, in order to obtain a section of 0(x). The first transformation rule 
immediately implies that 
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and hence that the functions aij{z) are all constant. The last transformation rule 
analogously implies that the aij(C) are constant. The second transformation rule implies 



and hence p = q + q' — 2M for some M G N and every term with i + j ^ M vanishes. 
Thus the general M-th order invariant differential pairing looks like this: 

for some constants •yMj £ C. The equation 

P{f,gUz)=C-^^^^'-'''^Pif,gUO, 

for ( = —z~^, will determine the constants 'Jmj uniquely. This is shown by the following 
two lemmata: 

Lemma 1. The transformation law 



dz J dz^^^ 
holds for an arbitrary function tp{z), z and k > —1. 

Proof. This lemma is stated in and easily proved by induction. □ 
Lemma 2. If q ^ {0, 1, M — 1} or q' ^ {0, 1, M — 1}, then the equation 

M 

E 

j=0 

M 



c-<«''|:m.(|-/,(c)) (|^^,(c)) 



j=Q 

uniquely determines the constants jmj is 

\ 3 J i— HI _A 



i=j i=M—j 
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Proof. First of all, we use Lemma 1 to compute 

Now we change coordinates C = ~i ^ind therefore = ^. Then we have 



= E^M,X«-'(|-C'-'-V.(C)) (|^?7C"'-'-'j.(C)) 

= g^"^<"" (t (i) no - ? - ')c-'-'-|;;/.(c)~ 

E ( , - ^ - ^' - ^■)C"--'-''-'|5=jr,9.(C) 

+ Obstructions. 
Let us look at a general obstruction term 



(|;/.(C)) (|;».(C)) . 



for arbitrary s,t < M. The constant in front of this term is given by 

M-t . . s j-s / A/f _ ■ \ ^-J-* 

Em, no-''-') M-;^ n iM-^-^'-^)- 

j=s ^-J 1=1 \ J / f^^l 

For s + t = M — l,we obtain the following M equations: 



7M,.(M -s){M -s-q' -1)+ jM,s+i{s + l)(s - g) = 0, (1) 



for s = 0, M - 1. li q ^ {0, 1, M - 1} or g' ^ {0, 1, M - 1}, this determines 
uniquely (up to scale): 

M-l j 



^ ^ i=j i=l 

\ i=j i=M-j 
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Having defined 7M,j like this, the constants in front of the other obstruction terms are 
given by 

M-l M-1 , M-t ^ 

n - ') n - '§ i:(-i)' o_.),(M,,-t)r 

If t = M — s, then this constant is exactly 7a/,s- If s + 1 7^ M, then this vanishes due 
to the fact that 



i—n \ / 



0, 

\ ?, / 

for all n > 1. So the only terms we are left with are 

M 



□ 



Therefore, we have proved: 



Theorem 1. If q ^ {0, 1, M — 1} or q' ^ {0, 1, M— 1}, t/iere is exactly one M-th 

order bilinear differential pairing between section of 0{x) and 0{x) on the Riemann 
sphere that is invariant with respect to Moebius transformations. This pairing is given 
by: 




pif,9)iz) = >:7M,i (^V/wi (4- 



dz J \\dz 




with 



i=j i=M-j 

The formula in the theorem above also shows a general dichotomy. There is a critical 
set of weights = {0, 1, M — 1}. If g or g' do not lie in then there exists exactly 
one pairing as described above. However, if g, q' G K., then several peculiar things can 
happen. Firstly, for g + g' > M — 2, P{f,g) = 0. However, ([1]) can still be solved 
and there exists an invariant bilinear differential pairing. Secondly, in [35] it is shown 



that, for q G K, T)'^'^^{f) = j^rrf is a linear invariant differential operator. So, for 
example for g = g' = M — 1, there are two independent invariant bilinear differential 
pairings given by fT>^^g and gT>^ f . This problem will accompany us throughout this 
thesis, where we will always have to exclude certain numbers (weights, representations) 
in order to obtain a classification of invariant differential pairings. One main aim will 
be to associate a certain meaning to these excluded numbers as we have done here: an 
excluded number corresponds to the existence of a linear invariant differential operator. 
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Remark 

The formula above also appears in [53], Theorem 3.46, as the M-th transvectant of two 
polynomials / and g. 

0.5.3 Outline of this thesis 

In the first chapter we give the basic background to representation theory and parabolic 
geometry that is needed in order to understand this thesis. The material (especially 
about Lie algebras and representation theory) is fairly standard and may be skipped 
by anyone who is familiar with the subject. However, many notations are introduced 
that will be used freely throughout this thesis. 

In the second chapter the basic notion of an invariant bilinear differential pairing 
is introduced. These pairings are the central objects of our study. Firstly, we de- 
scribe pairings analytically in terms of (weighted-) jet bundles and define (weighted) 
bi-jet bundles. Then we give an algebraic definition and study pairings algebraically 
on homogeneous spaces which are the model spaces for the various types of parabolic 
geometries. The notion of a generalized bi-Verma module is introduced and we 
explain how for invariant bilinear differential pairings these modules play the same role 
as generalized Verma modules play for invariant linear differential operators. More pre- 
cisely, invariant differential pairings can be described by singular vectors in generalized 
bi-Verma modules. A first large class of invariant differential pairings is constructed 
with this method. Finally, we discuss in detail the notion of invariance for a general 
curved parabolic geometry and end by describing the geometric structures that under- 
lie parabolic geometries. Apart from the material in the last section (which is taken 
directly from various sources in the literature) the concepts introduced are new. The 
computations, however, are modelled on those that are used for describing invariant 
differential operators. 

The third chapter gives a classification of all first order bilinear invariant differential 
pairings for all non-degenerate cases. It is explained how a degenerate case corresponds 
to the existence of an invariant linear differential operator. Several examples are given. 
The methods used are modeled on the methods of |16j. A (weaker version) of this 
chapter has been accepted for publication [l5j . 

The fourth chapter deals with higher order invariant differential pairings for which we 
can write down an explicit formula including curvature correction terms. The remark- 
able result is that those pairings only depend on the order and neither on the specific 
parabolic geometry nor on the vector bundles involved. These pairings are obtained by 
using Ricci-corrected derivatives as introduced in ^12j . 

In order to construct higher order invariant differential pairings, the fifth chapter 
firstly reviews some deep results about Lie algebra cohomology. Essentially using the 
ideas from [7], we then define certain tractor bundles (the M-bundles) that encode 
the information about the (weighted) M-jets of sections of vector bundles. An easy 
argument shows that the tensor products of those tractor bundles decompose into ir- 
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reducible components that are exactly the possible targets for our pairings. The final 
step is to define splitting operators that include the bundles in question into these 
M-bundles. At this stage, the results cease to be 100% satisfactory. To be more precise, 
as in the classification of first order invariant differential pairings, certain representa- 
tions (or rather certain geometric weights) have to be excluded. However, we can only 
conjecture that every excluded weight corresponds to the existence of an invariant linear 
differential operator. We will come back to this point in the last section about open 
problems. However, modulo the problem of excluding too many representation than 
absolutely necessary, all higher order pairings with exactly the right multiplicity that 
we expect to exist and that are curved versions of pairings on the homogeneous model 
spaces can be constructed this way. The splitting operators defined in this section are 
a generalization of the curved Casimir operator defined in [2JJ. Finally, we examine 
closely higher order pairings for projective geometry. In this case, all the excluded rep- 
resentations correspond to the existence of invariant linear differential operators. This 
result has also been accepted for publication in [15] . 

The objective of the last chapter is twofold. Firstly, we take a closer look at three 
examples of parabolic geometry that we refer to throughout the thesis: projective ge- 
ometry, conformal geometry and CR geometry. Then we describe the tractor calculus 
for those geometries which enables one to carry out explicit computations with tractors 
in order to get a better understanding of the abstract theory which is used in Chapter 
five. Secondly, we explicitly construct some special splittings and show how this leads 
to explicit formulae for higher order pairings. In particular, one can in theory write 
down all the higher order pairings between sections of those bundles for which we have 
written down the splitting, even those pairings with multiplicity. In practice this can 
be extremely tedious due to complicated expressions for some tractors. The splittings 
that we construct for projective geometry were first written down in [30] and those for 
conformal geometry (and conformal weight 0) in [26j, but we tried to construct these 
splittings in a unified manner which is more adapted to the general fiavour of this thesis. 

The appendix describes the BGG sequences of projective, conformal and CR ge- 
ometry. These sequences are not directly used in any part of the thesis, but they 
are mentioned every now and then when we talk about standard operators. For the 
convenience of the reader, we have included them as an appendix. 

The achievements of this thesis 

The most important new results and concepts that we have introduced and proved in 
this paper are: 

1. The conceptual description of bilinear differential pairings in terms of bi-jet bun- 
dles, which are constructed out of jet bundles. 

2. The algebraic criterion for the existence of invariant bilinear differential pairings 
on homogeneous spaces via singular vectors in generalized bi-Verma modules. 
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3. The classification of non-degenerate first order invariant bilinear differential pair- 
ings and the characterization of degeneracy in terms of the existence of invariant 
linear differential operators. 

4. A general formula including curvature correction terms for a certain class of higher 
order invariant bilinear differential pairings. 

5. The construction of general higher order invariant bilinear differential pairings 
under the exclusion of certain representations. 

6. A precise analysis of higher order invariant bilinear differential pairings on man- 
ifolds with a projective structure including the interpretation of each excluded 
geometric weight in terms of the existence of an invariant linear differential oper- 
ator. 

A note on the length of this thesis 

The author is aware that this thesis is probably a bit longer than it necessarily needs 
to be. Several calculations are taken from various sources in the literature and have 
just been rewritten with our conventions and notations. Wherever this is the case, 
an explicit reference to the original source will be given. The reason for including all 
those explicit calculations is simple: this text is supposed to be as self contained as 
possible and accessible to someone with relatively httle background knowledge. The 
decisions as to which details to include and which to leave out are obviously based on 
the background knowledge of the author. For that I apologize. 



Chapter 1 
Background 



In this first chapter we will give the necessary background needed to understand the 
theory of pairings as presented in this thesis. Most definitions are absolutely standard, 
but they have to be stated in order to introduce notations that will be used freely 
throughout this thesis. The first part of this chapter deals with Lie algebras and rep- 
resentation theory, whereas the second part is devoted to the introduction of parabolic 
geometries. 

1.1 Lie algebras 
1.1.1 Root spaces 

Let g be a complex semisimple Lie algebra. We fix a Cairtan subalgebra I) oi Q and 

define 



and call the elements in A{q, [)) roots of q relative to f). According to a standard result 
in linear algebra we get a root space decomposition 



da = {XeQ: [H,X] 



a{H)XW H e [)} 



for all a e [)*. Then we set 



A = A(g,f)) = 0„ 7^0, a 7^0} 



= f)e 0a- 



aeA(£|,f)) 



Example 



1. Look at 



Ai = sr^+iC ^{Xe Qk+^C : tr(X) = 0} 



with Cartan subalgebra 
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where Hi is the diagonal matrix which has a one in the i-th entry and zeroes 
elsewhere. Therefore we find 



'i+i 



i)* = span{ei}i=i,...,,+i/ X^Cj = , 



where is defined by ^i{Hj) = 6ij. Wc will denote the equivalence class of in f)* 
also by . If we denote the matrix which has a 1 in the i-th row and j-th column 
and zeroes elsewhere by Eij, we can calculate 

[H, Eij] — (oj — aj)Eij, 
for H = Yl''jt\ ttiHi. Therefore Eij e Qei-ej and the set of roots in sk+iC is just 

2. The next example is 

Di = S02iC = I ^ ^ D ) ^ dhi'^ '■ D = — and C are skew symmetric j> , 

with Cartan subalgebra 

\} = span{ifj = Ei^i - Ei+i^i+i, 

This yields 

f)* = span{ei : ei{Hj) = 5ij} 
and one can check that the roots are given by A{q, [)) = {icj ± tjji^j- 

3. The final example is 

Bi = 5021+iC = { ( ) : ^ e so^iC, v e 

where we can take i) to be the Cartan subalgebra of SO2/C included in SO21+1C in 
the obvious manner. Hence 

f)* = span{ej : ei{Hj) = Sij} 



and 
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1.1.2 Dynkin diagrams 

As is proved in [40j, p. 48, every Cartan subalgebra f) has a basis 

S = {«!,...,«;} C A(0, [)), 

SO that every root may be written as a hnear combination of elements in S with all 
non-negative or all non-positive coefficients. S is then called a system of simple roots 
of Q. We will fix such a basis S, which induces a partial ordering 

X^fi-^X — fi = ttiai with G iS and > 0, 

i 

SO that we can set A+(g, ()) = {a G A(g, f)) : a :^ 0} for the set of positive roots. 
For every X G g, we have a canonical endomorphism ad(X) : g ^ g with 

ad(x)(r) = [x,r]. 

This allows us to define a symmetric bilinear form, the so-called Killing form, by 

B{X, Y) = tr(ad(X) o ad(r)) 

on g which is non-degenerate if and only if g is semisimple (see |10], p. 22). We restrict 
this symmetric bilinear form to a non-degenerate form on f) ([IQ], p. 37) and therefore 
on {)*. The form on {)* can be defined by 

B{a,(3) = B{h^,hf,)ya,Pel)\ 

where is the unique element in f) such that a{H) = B{ha, H) for all G f). For any 
root a we define the co-root = 2a/B{a,a) and obtain the Cartan integers 

Cij = B{ai,a'^), 

for all pairs of simple roots ai,aj G S. If a,j3 are roots, then i?(a,/?^) G Z ([iO]. 
p. 40). It can easily be seen that S spans A(g, [)) over the rational numbers ([ID], P- 37 
and p. 39) so that the Q subspace Eq of f)* spanned by all the roots has Q-dimension 
/ = dime f)*. If we also allow real coefficients, we get a real vector space E = ]&. ®q Eq, 
i.e. f)* is the complexification of E. In this space E we can look at the angle of two 
roots a,P and obtain B{a, l3'^)B{j3,a^) = 4cos^9. Therefore our Cartan integers can 
only take the values 0, ±1,±2, ±3 and we can draw a Dynkin diagram, which is a 
graph such that nodes correspond to simple roots, and edges determine Cij according to 

1. B{ai,a'^)=2, 

2. 7^ aj are connected if and only if B{ai, aj) 7^ 0, 

3. (a) ^ ^ B{a,f3^) = -1, B{p,a^) = -1, 
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(b) ^ ^ = -2, = -1 and 

(c) ^ ^ = -3, = -1. 

It is the central theorem of semisimple complex Lie algebras that the structure of E 
and the knowledge of the Dynkin diagram determines and is determined by g (see |10] , 
p. 57,65). 

Example 

1. In the case of Ai we can take 

S = {ai = ei- ei+i, i = l,...,l} 
and calculate the Killing form as 



\ i j / ^ ' \ i i,j 

Therefore we obtain the Dynkin diagram of s[/+iC: 



aibj 



where there are I nodes. 
2. For Di we can take 

S = {ai = ti- ti+i, i = 1, 1, ai = ei-i + ei} 
and calculate the Killing form as 



B (^a,e,,Y,b,e^ = 



a A . 



The Dynkin diagram has the form 




where there are Z-nodes. 
3. For Bi we can take 

S = {ai = ti - ej+i, 2 = 1,...,/-!, ai = 
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and calculate the Killing form as 

\ i j 

The Dynkin diagram has the form 

* • • ■■• 

where there are /-nodes. 
1.1.3 Parabolic subalgebras 

Let G be a complex semisimple and simply connected Lie group with Lie algebra g. 
Borel subalgebras of g are the maximal solvable subalgebras of q and every Borel 
subalgebra is G-conjugate to the standard Borel subalgebra (^40], p. 84) 

b = P) ©n 

with 

" = 0°- 

aeA+(g,f)) 

A parabolic subalgebra p of g is a subalgebra which contains a Borel subalgebra. 
According to the standard form for b we get a standard form for p: Let 5p C 5 be any 
subset. Then we set 

A(go, f)) = span5p n A(g, f^), A(p+, [)) = A+{g, [))\A(go, i)) 

and accordingly 

00 = fl © Qa, P+ = Qa- 

aeA(go,f)) a6A(p+,fi) 

go is reductive and can hence be written as go = 0o +3(00)5 where 3 (go) is the center of go 
and Qq = [go, go] is semisimple of rank \ Sp \. So finally we get the Levi-decomposition 

P = 00 ©P+- 

To represent p we take the Dynkin diagram for g and cross through all nodes which lie 
in S\Sp. 

If we do not have any crossed through nodes, then Sp = S and therefore p = g. If 
there are crosses through every node, then 5p = and we get p = b. 
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Example 

For Ai, n consists of strictly upper triangular matrices, because the positive roots are 
the differences — ej where i < j and therefore b consists of all the upper triangular 
matrices in Ai. We will demonstrate one particular example of a parabolic subalgebra, 
the general case being similar. 

Let / = 3 and Sp = {a2, as}, then p is given by 



/ * 





* \ 



In this example we have i?3,2 £ Q-a2, -^'4,3 ^ fl-as and i?4,2 G g-(a2+a3) lying in p in 
addition to the upper triangular matrices, p is represented via the Dynkin diagram as 
follows: 



There is indeed more structure to the parabolic subalgebra p given by a so-called 
grading. 



1.1.4 I /co I -graded Lie algebras 

Let S = {««}«=!,...,; be the simple roots of g with corresponding fundamental weights 
{^^j}j=i,...,i, i-e. B{ujj,a)^) = 5ij. The parabolic subalgebra p is specified by a subset Sp 
of the simple roots, so that 

where / = We set J = {ji, ji-io} = {I, ...,%}■ Then we can 

define 

I 

0i = ® 0°' where = {a = ^n^ai e A{q, [)) : = j}. 

This yields cL I /Cq I - grading: 

g = fl-feo ® ••• ® 0-1 © 00 © 01 © ••• © 0fco, 

where [g^, Qj] C Qi+j and g_ = Q^ko © ••• © 0-i is generated by One can check that 
the non- negative part of this grading 0o © ••• © 0fco = P p+ = 0i © ... © Qko- The 
integer ko is easily computed: write the highest root 7 = Yl\=i ^i^i ^ s^'^ simple 
roots. Then = Yliei'^i- The following facts are known about this grading (see [TS], 
Proposition 2.2): 

1. There exists a grading element E G 3(00) such that the decomposition of g 
corresponds to a decomposition under the adjoint action of E into eigenspaces, 
i.e. [E, X] = jX if and only if X G gj. 
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2. B{gi,gj) = for all j ^ —i and the Killing form B{.,.) can be used to define 
isomorphisms g_i = q* for i = I, fco- 

Remark 

In the complex setting, a grading is equivalent to having a parabolic subalgebra p, 
see [18]. In the real setting, this is not the case. However, we will start of with a 
grading of a real Lie algebra 0m that induces a grading of the complexification g and 
hence a parabolic subalgebra p C 0. The representation theory will then be applied to 
the (complex) pair (0,p). 

Example 

(a) The grading corresponding to the parabolic subalgebra 



of Ai is given by g = 0_i © go © 0i, with 

Here we have v,v e C\ x e C, A E gl^C with tr(yl) + x = 0. 
(b) The grading corresponding to the parabolic subalgebra 



of Di is given by g = 0_i 



0-1 



and 



X— • •• 




00 ©0b 



with 



/ 














\ 




V 


















T 

w 





T 

— f 




V 


—w 











/ 



01 



Here we have v, v,w,w E 
symmetric. 



/O 
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00 
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B 












—X 
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/ 





—w 


— {; 









e 



e 



A,B,C G 0[;_iC, X G C and B, C have to be skew 
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The grading corresponding to 

X • • ... 

can be described similarly with 

A_i = {-(ei ± ei)}i=2,...,i U {-ei}, Ai = -A_i and Aq = A\{Ai U A_i}. 

(c) The grading corresponding to the parabolic subalgebra 

X • • ■■■•-^ 



of Ai+i is given by g = 0_2 0-i © 0o © 0i © 02, with 

000\ ] f/OOO 

0_2 = < I e L 0_i = n ^ I G 

^00/ VOw^O 



00 = 



01 = <; I ijj 



/ X 







(o 


A 












and 














-1 

























Here we have v, v,w,w & C', x,y, z, z & C, A & gl^C and x + y + tr{A) — 0. 

1.2 Representation theory 

1.2.1 Representations of (complex) semisimple Lie algebras 

Let V be a finite dimensional representation of q. We denote the action of g on V by 
x.v for all x e and v e V. An element v e V\{0} is called weight vector of weight 
A e {)* if 

H.v = \{H)v\/ H e [). 

We also denote by A(V) the set of all weights that arise via this construction. As in 
the last section we write 

" = ® 0a and n_ = 0_a 

«eA+(g,f,) aeA+(0,f,) 

for the raising and lowering subalgebras of 0. A vector f G V is called maximal 
(resp. minimal) if v is killed by n (resp. n_). A maximal (resp. minimal) vector of 
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weight A is called highest weight vector (resp. lowest weight vector) if A ^ A' 
(resp. A ^ A' ) for all A' G A(V). A weight A that satisfies 

5(A,a^) > Va G 5 

is called dominant for q. Moreover A is said to be integral for q if and only if 

E(A,a^) G Z Va G 5. 

We will represent a weight A for g by writing the coefficients i?(A,a^) over the i-th 
node that represents the simple root G S. 

Theorem 2 (Theorem of the highest weight). There is a one-to-one correspondence 
between finite dimensional irreducible Q-modules and dominant integral weights, i.e. ev- 
ery finite dimensional irreducible representation of q has a unique (up to scale) highest 
weight vector of weight X, which is dominant integral for g and for every dominant in- 
tegral weight there exists a finite dimensional irreducible representation of q which has 
a highest weight vector of that weight. 

Proof. This is the classification theorem of irreducible finite dimensional representa- 
tions of semisimple Lie algebras and the proof may be found in [40j, p. 113. The 
difficult point is to show that the irreducible representation which we obtain for every 
A G P)* by means of Verma modules (which will be explained in another section) is finite 
dimensional if A is dominant integral. □ 

1.2.2 Representations of parabolic subalgebras 

1. To denote a representation (V, p) of a simple Lie algebra g or a parabolic subalge- 
bra p C we write down the coefficient B{X, aj) over the j-th node in the Dynkin 
diagram for g, with A being the highest weight of the dual representation (V*, p*). 
The details for this construction and the reason for this slightly odd notation is 
explained in [3]. 

2. It is easy to show that the nilpotent part p_|_ of p has to act trivially on any 
irreducible p-module. go = p/p+ is reductive and hence the sum of an abelian 
algebra 3 (go), which has to act via a character on any irreducible representation, 
and a semisimple part Qq. Since Qq is semisimple we can apply the above theorem 
to go and get: the finite dimensional irreducible representations of p are in one- 
to-one correspondence with A G f)* which are dominant and integral for g^. In our 
Dynkin diagram notation that corresponds to having non-negative integers over 
the uncrossed nodes. More precisely, a finite dimensional go-module is completely 
reducible if and only if 3 (go) acts diagonalizably. Unless stated otherwise, we will 
always implicitly assume this. 
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Example 

The 0i decomposes into irreducible 0o-modules 

i€l 

where has lowest weight —a G i)* (see [3J, p. 129). We will abbreviate E_a. by g\ in 
the future. Analogously g_i decomposes into irreducible factors for i E I, where 
the highest weight of g*_^ is — a^. 

It is true in general that the dual of an irreducible finite dimensional module of lowest 
weight A has highest weight —A. 

Example 

It can be easily shown ([IQ], p. 37) that for every a G A(g, [)) and Xa G 0a\{O} there 
exists X_o G Q-a, such that Xa,X^a and Ha = [Xa,X_a] span a three dimensional 
simple subalgebra of g isomorphic to s[2C and that we can calculate -B(A, a^) = \{HaJ 
for every ai E S and A G [)*. For Ai, X^^ and X.q,^ correspond to and 
respectively. We therefore have H^^ = Hi — -ffj+i, for i = 1,...,/. So for a weight 

i?(A, a^) = ai — Oj+i, for i = 1, /. 

1.2.3 Composition series and induced modules 

Definition 1. We will write composition series with the help of + signs as explained 
in [T], p. 1193 and [2H], P- H, so a short exact sequence 

O^Ai^A^Ao^O 

of modules is equivalent to writing a composition series 

A = Ao + Ai. 

If we have two composition series 

A = Ao + Ai and B = Bo + Bi, 
then we can tensor them together to obtain 

Ao®Bi 

A(g)B = Ao®Bo+ © +Ai(g)Bi. 
Ai (g)Bo 

This can be easily extended to composition series with more composition factors. 
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In general, a composition series 

B = A0 + A1 + ... +AAr, 

denotes a filtration 



with Aj = AyA*"*"^. We will use the same notation for the composition series of vector 
bundles. 

Remcirk 

1. It can be noted that every composition series B = Ao + Ai + ... + Ajv has a 
projection B — > Aq and injections Aj + .. + A^v — > B for j — 0, N. 

2. The dual of a composition series is obtained by writing down the dual of the 
composition factors in opposite order, i.e. 

M* = A% + A%_, + ...+A;. 

Composition series will occur in our considerations as so-called branching rules 

that describe how a finite dimensional irreducible representation of g composes as 
a representation of p. In particular, the grading can be looked at as a composition 
series of the adjoint representation when restricted to the parabolic p. 

Example 

The I /co [-grading of the Lie algebra g corresponding to the parabohc subalgebra p can 
be understood if we look at g as a p-module. There exits a p-module filtration 

g = g-'°Dg-'°+'D---Dg'° = gfco, 

with g* = gi ® gi+i ® • • • ® g^o- The corresponding composition series is exactly the 
grading 

fl = Q-ko H Kflfco- 

Definition 2. For any Lie algebra a, let il(o) denote the universal enveloping al- 
gebra, which is defined in the following manner: we denote the tensor algebra of a by 
T{ci) = then the universal enveloping algebra is defined to be 

il(a) = T{a)/I, 

where / is the two-sided ideal spanned hjX^Y — Y^X — [X, Y] for all X,Y E a. 
Every representation of a can in a unique manner be extended to an action of iX(a). 
Let V be a finite dimensional p-module with dual V*, then 



Mp(V) = il(g) ®n(p) V' 
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is called an induced module. Here is a right il(p)-module, V* is a left it(p)- 
module and ®a(p) is the usual tensor product for modules over an algebra. More pre- 
cisely 

Mp(V) = (il(g) ®c V*)/J, 

where J is the subspace generated hj aA\ uv ^ w — v ® v.w for u G v G il(p) and 

w eY* and where the dot denotes the given action of it(p) on V*. it(g) acts on Mp(V) 
by multiplication on the left factor. 

If V is irreducible, then Mp(V) is called generalized Verma module. More infor- 
mation about generalized Verma modules can be found in |50], p. 500 and its correlation 
to homogeneous vector bundles on G/P is explained in [3], p. 164. 

Remark 

Homomorphisms between generalized Verma modules play a decisive role in the classi- 
fication of invariant differential operators on homogeneous spaces, see [27] . Bernstein- 
Gelfand-Gelfand resolutions ([!]) and generalizations thereof ([50]) have led to the so- 
called BGG machinery that produces resolutions of all finite dimensional irreducible 
representations of G by invariant differential operators between sections of homogeneous 
vector bundles. 

1.2.4 The real case 

So far we have stated everything in the complex category. However, the theory of 
parabolic geometries applies to the complex and the smooth real category. More specif- 
ically, we want our theory to apply to real manifolds with a given structure, e.g. real 
conformal manifolds. The theory is set up in a way that applies to the real and complex 
category at the same time. Although we will, for example, use the usual notation O 
for holomorphic objects, we could have also written everything with the symbol C°° de- 
noting smooth objects. In fact, this is the usual way the theory is presented. For every 
real algebra g^, we will always consider its complexification q that can be described 
as in the first two sections. In particular, any representation of a real Lie algebra Qm, 
on a complex vector space V extends to a representation of the complexification g and 
can be dealt with as described above. In fact, there is a bijective correspondence be- 
tween complex representations of real Lie algebras and complex representations of their 
complexifications making the complex representation theories of gu and g completely 
equivalent (see [19]). This allows us to deal with (almost all) the representation theory 
in a complex setting. 

If we start with a real representation Vk, we can always form the complexification V 
and consider the extension of the representation to g. There are, however, cases when Vk 
is irreducible and V is not. A very good example of this phenomena will be encountered 
in Chapter [6], when we consider the canonical subbundle of the tangent bundle in CR 
geometry. Apart from this example, we will encounter real representations only in the 
form of (projective, conformal,..) weights that arise via one dimensional representations 
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on M. These representations give rise to line bundles that we tensor other vector bundles 
with. This procedure does not affect the representation theory. 

The complexification of a |/co|-graded real Lie algebra is |/co|-graded again and the 
complexification of the non-negative part of this grading is a parabolic subalgebra as 
described in ll.l.4[ When referring to specific real manifolds, especially in Chapter [6l 
we will state everything in the smooth category. 

1.3 Parabolic geometries 

Definition 3. We denote the adjoint representation of G on g by Ad. Then we can 
define several subgroups of G: 

1. P = {geG : Ad(^)(Si) C V i = -/Co, ko} and 

2. Go = {geG : Ad(^)(0,) C 0, V i = -fco, ^o}- 

It can be shown (p^. Proposition 2.9) that the Lie algebras of P and Go are p and 
go respectively. 

Remark 

Instead of choosing G to be the simply connected and connected Lie group with Lie 
algebra q, one can alternatively choose G = Aut(g) or G = Auto(0) = Int(g) corre- 
sponding to a slightly different geometric structure (orientation, spin, etc.), but our 
analysis of pairings is local, so none of these choices affect it. 

Remark 

In order for an finite dimensional irreducible (complex) representation of p to lift to one 
for P, the weight A has to be integral for g and not just for p, see [3], Remark 3.1.6 
and |l9j, 3.2.10. Therefore, in our Dynkin diagram notation, the coefficient over every 
node has to be an integer and the coefficients over uncrossed nodes have to be non- 
negative to yield a representation for P. In the specific examples given in Chapter [HI 
we will define real representations that will allow us to have arbitrary real projective 
or conformal weights. In other (real) examples, there are different restrictions on the 
numbers over the crossed through nodes. We will not discuss this in detail, but give 
the precise statements in every case considered in Chapter [61 

1.3.1 Cartan connection 

A Parabolic geometry {J^,Q,q,uj) of type (G, P) consists of 

(a) a manifold Ai, 

(b) a principal right P bundle Q over Ai and 
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(c) a 0-valued 1-form u on Q (the Cartan connection) satisfying the following con- 
ditions: 

(i) the map ujg : TgQ — > g is a linear isomorphism for every g E Q, 

(ii) r*uj = Ad{p^^) o uj for all p E P, where Vp denotes the natural right action 
of an element p G P in the structure group, and 

(iii) uj{(x) = X for all X G p, where C^x is the (vertical) fundamental vector 
field on Q associated to X G p. 

Remark 

The dimension n = dimA^ of a parabolic geometry of type {G, P) is easily computed 
to be 

dim g - dim - /o 
n = dim g_ = . 

Formulae for the dimension of the semisimple Lie algebras g and gf are readily available 
(see iOl). 



Definition 4. We will call the case where the parabolic subalgebra p induces a |1|- 
grading, i.e. where ko = 1, the AHS case and parabolic geometries for |l|-gradings 
are called almost hermitian symmetric spaces. It immediately follows (in the complex 
setting) that a parabolic subalgebra p which induces a |1 [-grading must arise from a 
subset Sp C S, so that S\Sp = {ai^}. In the Dynkin diagram notation this corresponds 
to having one cross through the node associated to ai^. The reverse statement is 
obviously not correct. 

Definition 5. The curvature of a parabolic geometry is defined to be the curvature 
function 

K-.g A^gl ® g 

g ^ Kg with KgiX,Y) = dujgico;\X),co;\Y)) + [X,Y], X, F G g_. 

One can decompose the curvature in terms of homogeneity degree, i.e. 

K\g) : Qr®ds^ Qr+s+h i = -ko + 2, 3/co 

or split K in terms of the grading, i.e. K,i{g) : A^g_ ^ g^, ^ = —ko, fco- Moreover one 
can compose n with a map d* : A^gl ® Q —>■ Q*_ ® Q, which is the adjoint to the Lie 
algebra differential d to be defined in Section [5.1.21 Following [20], we call a parabolic 
geometry 

1. normal, if 9* o k = 0, 

2. regular, if it is normal and = for alH < 0, 

3. torsion-free, if /tj = for alH < and 



4. fiat, if K = 0. 
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Remark 

The curvature is horizontal, i.e. Hg{X, Y) = for all X G p, F G g and g E Q. 
Proof. By definition, 

^{X,Y) = -u{[u-\X),u-\Y)]) + [X,Y]. 

Now we use the fact that [uj~'^{X),uj'^{Y)] = cj"^([X, F]) for X G p which follows 
from ll.S.T] (c). (ii) and (iii). □ 

Example 

(a) Projective geometry in n dimensions can be described as a parabolic geometry 
with = s[(n + 1,M) and a grading whose complexification corresponds to the 
grading in Example 11.1.41 (a). The notation via Dynkin diagrams is 

X— •— • ••• • — • ■ 

The first construction of a canonical Cartan connection on projective manifolds 
is due to Cartan, see [lO]. For a more modern treatment the reader is advised to 
refer to [151 iSl [5^. 

(b) A conformal manifold {Ai, [g]) of signature (p, q) is equivalent to a normal parabolic 

geometry with = so{p+ 1, g+ 1) and |l|-grading as in [16], the complexification 
of which is the |l|-grading given in Example 11.1.41 (b). The Dynkin diagram 
notation is 



>^—» ■■■ 

for p + q even and 

X— •— • ... 

for p + q odd. It turns out that this parabolic geometry is automatically regular 
and torsion-free (see [IH])- The first construction of a canonical Cartan connection 
on manifolds with a conformal structure is due to Cartan [9]. See [H] and [I5] 
for a more modern treatment. 

(c) A manifold with partially integrable almost CR-structure with non-degenerate 
Levi-form of signature (p, q) is equivalent to a regular parabolic geometry with 
= su{p -|- 1, g -|- 1) endowed with a |2|-grading as in the complexification 
of which is the grading given in Example 11.1.41 (c) with Dynkin diagram 




X— • — • ••• w-^ 
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The torsion- free parabolic geometries are exactly the CR-structures (see [H]). 
The original construction of a canonical Cartan connection for CR-manifolds in 
three dimensions is due to Cartan ([H])- The general case is due to Tanaka ([5U]) 
and Chern and Moser (|22j). 



1.3.2 The homogeneous model 

The homogeneous model for a parabolic geometry of type {G, P) is the principal 
right P-bundle 

P ^ G 

i 

G/P 

over the generalized flag manifold G/P together with the Maurer-Cartan form 

ujMciX) = {lg^i).X, for XeTgG, 

where Ig denotes left translation and (Z^)* is the corresponding tangent mapping. The 
properties of umc are easily computed: 

1. (/g-i)* : TgG Tf,G = is a linear isomorphism with inverse map (/g)*. 

2. Let X G TgG^ then we compute 

{rluJMc)X = ujMc{{rp)*X) 

= i}{gp)-^)*ij'p)*X 

= {Ip-i olg-i orp)^X 

= (Ad(p-^)o/^-0*^ 
= M{p'^)oujMc{X). 

3. We have {lg)^X = {Cx)g ^ TgG, so obviously ujMciCx) = X for all X G p. 
The curvature function vanishes identically because of the structural equation 

du;MciX,Y) + [LUMciX),ujMciY)] = 0, 



see [2S], P- 108. In fact, it is known that the curvature /t is a complete obstruction 
against local flatness, see e.g. [TT| [T7]. 



Examples 

(a) The homogeneous model for projective geometry, which we will discuss in some 
detail in Chapter El is MP„ = G/P with G = PSL„+iM and 



P= < 



geG : g 



* 
* 



> 



/ J 
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Note that P is the isotropy subgroup of the point e = [1 : : ■ ■ ■ : 0] G RP„. 

(b) The homogeneous model for conformal geometry, which we will discuss in some 
detail in Chapter [6l is the sphere §" = G/P with G = SOq{j) + 1, g + 1) being 
the identity connected component of SO{j) + l,g + 1) corresponding to a non- 
degenerate bilinear form g of signature (p + 1, g + 1) on M"+^, for example given 
by 

where (x, x) is the standard inner product of signature (p, g) in M". P is the 
isotropy subgroup of the point 

e = [1 : : ■ ■ ■ : 0] G = {[xq : x : xJ^ E MP„,+i : g{xo,x,x^) = 0}. 



(c) The homogeneous model for CR geometry, which we will discuss in some detail 
in Chapter [HI is a real hyperquadric Ti. = G/P in CP„+i, for example given by 

h{zQ, Z, Zoo) = ZqZoo + ZqZoo + {z, z) , 

where {z, z) is the standard hermitian inner product of signature (p, q) in C". So 
G = PSUij) + 1, g + 1) and P is the isotropy subgroup of the point 

e = [1 : : ■ ■ ■ : 0] G 7^ = {[^0 : ^ : ^oo] G CP„+i : h{zQ, z, z^o) = 0}. 



1.3.3 Associated vector bundles 

For every representation p : P ^ End(V) we can define a corresponding associated 
vector bundle 

v = {v,p) = gxpY = igxY)/ r-., 

where 

(gp, v) ~ (g, p{p)v) y g E g,p E P and v eY. 
Sections of this bundle can be identified with maps 

s -.g ^ Vs.t. s{gp) = p{p~^)s{g) 

for all g E g and p E P. Equivalently, we can differentiate this requirement to obtain 

{Cxs)ig) = -piX)s{g)\fXEp,gEg. 

We will write T{V) = 0{g, Y)^ for the space of sections of V. The tangent bundle TAi 
and cotangent bundle T*A4, for example, arise via the adjoint representation of P on 
q/P = Q- = Q-k © ••• © 0-1 and its dual (fl/p)* = p+. We will denote the bundles and 
sections of these bundles by the Dynkin diagram notation for the representation that 
induces them. 
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Example 

1. On a projective manifold A4 we write 

j./A^\ 1 1 -2 10 

Vect(M) = X • • ... •— • = and il {M) = x • • ... 

2. On a conformal manifold Ai we write 

\r 1 0/^° i/A^\ 10 

Vect(A4) = X • • ■■■ •-«( or Vect(A4) = x • • ... 





and 

j»o 




/^l/»^\ -2 1 0/ r^l/*^\ -2 10 

• 



3. For CR geometry, the tangent and cotangent bundle are no longer irreducible. 
Instead they (or more precisely their complexification) have a filtration given by 

10 1-1 
X— •— • ... •— • — X 

, / t j\ 100 001 

Vect(AI) = >e-»-» ... m-m-K + © 

-110 1 
X • • ... • • X 

and 

-2 10 

X • • ... • • X 

„i , , -1 -1 

n\M) = © + X X . 

1 -2 
X • • ... • • X 

1.3.4 Invariant differential 

The Cartan connection does not yield a connection on these associated vector bundles, 
but we can still define the invariant differential 

■.o{g,Y) ^ o{g,Q*_^Y) 

with 

V^s{g){X) = V'^^sig) = [u;-\X)s]{g), W X e g., g e Q and s e 0{g,Y). 

It has to be noted that it does not take P-equivariant sections to P-equivariant sections. 
In order to ensure that, we can define the fundamental derivative. 



s ^ X ^Vxs = uj~\X)s. 
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The distinction between the fundamental derivative and the invariant differential is a 
bit artificial and solely done for notational convenience. The bundle ^ x p g = ^ is 
called the adjoint tractor bundle. The invariant derivative and the fundamental 
derivative will be of vital importance in later chapters. Important properties of the 
fundamental derivative can be found in [13], Proposition 3.1. We will just prove that 
D takes P-equivariant functions to P-equivariant functions. 

Proof. Let / G V)^ (where the bundle V is an associated bundle for a represen- 
tation p : P ^ Aut(V)), s G 0{Q, q)^, g & Q and p E P, then we compute 

Dsfigp) = by definition 

= coZ^^ {Ad{p^^) s{g)) f by the equivariance of s 




so DjeOig,Yy. 



□ 



Remark 



We have 



Y 



Vy — y[x,Y] 



V 



k{X,Y) 



for all X, F G g. 



Proof. By definition 



dtu{uj-\X),uj-\Y)) + [X, Y] 
-coi[u-\X),co-\Y)]) + [X,Y] 



and therefore 



V 



- V 



k{X,Y) 



[uj-\X),u'\Y)] = V^V^ - V^V 



□ 
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Example 

In the fiat homogeneous model spaces G/P we have for all X G 0, / G 0{G,Y)^ and 
geG: 

{Df{g)){X) = uj~,}c{X)J 

= m*x)f 

= jJ{geMtX))\t=o 

= j^f{exp{tAd{g)X)g)\,=o 
= {{r,)^{Ad{g)X))f. 

Furthermore, the map G ^ Q, g Ad{g~^)X, can be looked at as a section sx G r(^), 
so we can write 

Dsxf = -Rxf, 

where {Rx)g = ~{f'g)*X is the (right invariant) vector field on G that is derived from 
the action of G on V)^ via ig.s){h) = s{g~^h) for all g,heG and sE C(G', V)^. 
Rx takes P equivariant functions to P equivariant functions. 

Definition 6. The filtration 

g = g-*^o 3 g-fco+1 3 . . . 3 g^^o 3 {0} 

induces a filtration 

on the adjoint tractor bundle A = Q x p g. For sG^° = ^Xpp, we have 
{DJ){g) = uj;\s{g))f = = -Ks{9))f{9) 

for all / G 0{Q,Y)^, where A : p — gl(V) is the derived action of p. Following [13], we 
will denote this action by Dgf = —s • f. 

Remark 

If V is a representation of 0, then we can define V^/ = Dgf + s • / for s G r(^) and 
/ G 0{Q,Y)^. Since V^/ = for s G r(^''), this descends to a mapping 

which is a linear connection on V, see [13], Proposition 3.2. This connection is called 
tractor connection and we will make use of it in Chapter [61 



Chapter 2 
Pairings 



In this second chapter we will define the notion of an invariant bilinear differential 
pairing of a certain weighted order. This will firstly be done analytically with the help 
of (weighted) jets. Then we give an algebraic description of pairings on homogeneous 
spaces and derive the first important theorem. 

2.1 Analytic description 

This section is a generalization of the description of invariant differential pairings in [15] 
to the case of arbitrary parabolic geometries. In particular, a |/co|-grading with ko > 1 
gives rise to the notion of weighted differential operators as detailed in |51j . 

2.1.1 Filtered manifolds 

Weighted modules 

Let us examine the universal enveloping algebras of p+ and 0_ more closely. We will 
discuss only the case for p+ since g_ can be dealt with by duality. We denote the 
tensor algebra of p_|_ by T(p_|_) = &p+ and the universal enveloping algebra by 

il(p+) = T(p+)/J, where J is the two-sided ideal spanned by X -Y (g)X -[X, Y] for 
all X, y G p+. We can define a weighted grading on those algebras via the following 
construction. Let i eN and 

Ti(p+) = {u = ^Xij ® ... ® Xs^j e T(p+) : Xij G Qt,,, and ^ tmj = i V j}. 

j m=l 

Since J behaves well with respect to the grading, we can define 

ili(p+) = {u = ^Xij...X,^,j G il(p+) : Xij G g*,^. and ^t^j = i V j}. 

j m=l 
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Definition 7. Let A4 he a (smooth) complex manifold and 

TM = ^ r''°^^ ^ ••• 3 ^ f = 

a filtration of the tangent bundle by subbundles. If [s^, s'^] is a section of P"^'^ for 
all sections G r(P), s'^ G r(f'?) and all integers p,q, then the filtration is called 
tangential filtration and Ai is called filtered manifold. 

Example 

The grading of q induces a filtration of the tangent bundle on the underlying manifold 
of a parabohc geometry {A4, Q, q, u): 

TM = r'''' D f~'="+^ D ... D f"^ D f = 

with 

r" = Xp(g_i + ...+0„i). 

If the parabolic geometry is regular, then this is a tangential filtration (see |57j, Propo- 
sition 2.2) and the concept of weighted order is well defined. 

2.1.2 Weighted jet bundles 

Let TVI be a filtered manifold with tangential filtration 

TM = f-^° D f-^"-^^ D ... D D f = 0. 

Following [51], we say that a local vector field X on M has weighted order < i if X 
is a section of f~\ The minimum of such i is called the weighted order of X and is 
denoted by w — ordX. A differential operator P is said to be of weighted order < /i if 
P can locally be written as P = ^i---^rj local vector fields Xl, ...,X^^, and if 

maxj- {TdU w - ordX/ } = /i. 

Let £^ be a vector bundle (with trivial filtration) over M and denote by E_ the sheaf 
of sections of E. For every a; G A^, let f^E denote the subspace of E^ consisting of 
those germs of sections s G E^, such that 

(P(«,s))(x) = 0, 

for all a G r{E*) and all differential operators P of weighted order < k. The weighted 
jet bundle is then defined to be 

J'E = U J^'E, J'^E = EJ^-^'E. 

We can identify J'^^E = E and obtain exact sequences 

^ fj'^E J'^E J'^-^E 0, 
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for A; > 1. A linear differential operator d : T{E) — > T{F) of weighted order k is a 
map 

D : J^E F 

with symbol given by the composition map ^^J^E — * F . Moreover, we can identify 

f JT'^E = {\X_k{grTM)y ® E, (2.1) 

where ^{grTxM.) is the universal enveloping algebra of the graded algebra 

-1 

p=-kQ 

and \i-k{grTxJ^) denotes the subset of all homogeneous elements of degree —k (see [5T] . 
p. 237) as defined in I2.1.1[ We will give an inductive definition of this space in 15. 1.21 

Note that there is a canonical projection J^E —>■ J^E from the first order jet bundle 
J^-E (as defined, for example, in [59]) of E to the weighted first order jet bundle J^E. 

Remark 

We can write down more explicitly 

J^E = EJt-''E - 0Hom(il_K^7rT.-M),i?.) 

l<k 

Ejf+^E 3 f ^ Ff such that Ff{u) = u^f, 

where ° is defined by {^Z\...Zif = {—iyZi...Zi for all Zi G grTx Ai. Under this isomor- 
phism (12. ip becomes apparent. 

Example 

Let {J^,Q, Q,u) be a parabolic geometry of type (G, P) with the tangential filtration 
as in Example 12.1.11 Then we have 

grT^M = grg^ = g_fc„ © ■ ■ ■ © g_i. 

The first order jet bundle J^E of every associated bundle E is an associated bundle 
again (see [56], p. 196), which induces the structure of an associated bundle on J'^E. 
The corresponding p-module 

J^E = E + 01 © E 

has a p-module structure that is induced by the p-module structure of J^E. 
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2.1.3 Weighted bi-jet bundles and pairings 

For every complex (or smooth) filtered manifold A4 and holomorphic vector bundle 
V over A^, we denote by J'''V the weighted jet bundle over M. as described in the 
last section. A bilinear differential pairing between sections of the bundle V and 
sections of the bundle W to sections of a bundle t/ is a homomorphism 

d : J^V ® J^W U. 

This pairing is of weighted order M if and only if 

(a) A; = / = M, 

(b) there is a subbundle B of J'^^V ® J'^'^W, so that there is a commutative diagram 

i \d 
{J^'V ®J^'W)/B ^ U 

and 

(c) the map induces a formula that consist of terms in which derivatives of sections 

of V are combined with derivatives of sections of W in such a way that the total 
weighted order is M (i.e. a term may consist of a differential operator of weighted 
order k applied a section of V combined with a differential operator of weighted 
order (M — k) applied to a section of W ^ for /c = 0, M). 

In fact, B is characterized by (c) as detailed in the next subsection. We will therefore 
write J^'{V, W) = {J^^V ® J^^W) /B for this canonical choice of B. This is not to be 
confused with the set of all M-jets of V into W as defined in [13], p. 117, Definition 12.2. 

\i M. = G/P is a homogeneous space, then a pairing is called invariant (some 
authors use the term equivariant) if it commutes with the action of G on local sections 
of the involved homogeneous vector bundles, which is given by {g.s){h) = s{g^^h) for 
all g,h E G and s G T{F) (see also Example 11.3.41 and the Introduction 10.5.^ . 

In general, there is no commonly accepted notion of invariance for manifolds with a 
parabolic structure (see [56], p. 193, Section 2). We will deal with this issue by tak- 
ing a pragmatic point of view: first of all, every manifold with a parabolic geometry 
is equipped with a distinguished class of connections (Weyl connections), as detailed 
in [H], p. 42 and [16], p. 54. A pairing is then called invariant, if induces a formula 
that consists of terms involving an arbitrary connection from the distinguished equiv- 
alence class, but that as a whole does not depend on its choice. We will discuss this 
slightly subtle point further in Section [231 
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2.1.4 Description of J^\V, W) 

Definition 8. Let Ai he a (smooth) complex filtered manifold and let V, W be holo- 
morphic vector bundles (with trivial filtrations) over Ai. For every holomorphic vector 
bundle U (with trivial filtration) over Ai and every integer /c G N, there exists the 
weighted jet bundle J^^U and for every < I < k there is a projection vrf : J'^U J^U 
(see [5l], P- 237). Let ^-k{grTM.) denote the bundle over M. whose fibre aX x E M. is 
ii_k{gi^T^Ai) as defined in l2.1.2[ The projections can be put into an exact sequence 

^ {ii_k{grTM)y ®U ^ J^U J^-^U 

as described in I2.1.2I This exact sequence induces a filtration 

k 

J^U = J2^i(9rT*M)®U 

1=0 

^ U + iXi{grT*M) + li2{grT*M) ® f/ + ... + iik{grT*M) ® U 
on the jet bundle. The mapping 

k+l=AI 

defines a canonical subbundle B = ker in J'^^V J''^^W, so that 

We will call the bundles J'^'^V, W) weighted bi-jet bundles. 
Remark 

It is easy to see that the vector bundle J^^'\V, W) has a filtration 

M k 

J^\V, W) = Y,^H9rT*M) ® V^iik^i{grT*M) ® W, 

k=0 1=0 

which is equivalent to a series of exact sequences 
k 

^ ^lii{grT*M) ® F ® iXk_i{grT*M) (SW^ J^iy, W) j''-\V, W) ^ 0, 
/=o 

for < A; < M. The exact sequence 

M 

^ ^\Xi{grT*M) ®V ® iliM-i{grT*M) J^\V, W) J^^-\V, W) ^ 

1=0 
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gives rise to a symbol a = cf) o l for every homomorphism : J^'^V^ W) E, i.e. for 
every weighted M-th order bilinear differential pairing. As for ordinary jet bundles, we 
can define the formal (weighted) bi-jet bundle J^'^iV, W) as the projective limit 

J°°{V, W) ... J^'{V, W) j^'-\v, W) ... J\V, W) ®W ^0. 

In the homogeneous case J'^{V, W) is a homogeneous bundle with a p-module struc- 
ture on the standard fibre J7'^^(V, W) that is induced by the p-module structures of J^^Y 
and J^^^W, the standard fibres of J^'^V and J^W . 



2.2 Algebraic description 

This section provides an algebraic description for invariant bilinear differential pairings 
on homogeneous spaces. Similar to the situation for invariant linear differential opera- 
tors, invariant differential pairings can be described by homomorphism between certain 
algebraic objects. There is, however, one major difference. An invariant differential 
operator between irreducible homogeneous vector bundles is the same as a homomor- 
phism between generalized Verma modules and the existence of such a homomorphism 
restricts the possible candidates quite severely. In fact, both generalized Verma modules 
have to have the same central character and the theorem of Harish- Chandra implies 
that their highest weights have to be related by the affine action of the Weyl group. For 
pairings there is no such restriction. In fact. Theorem H] shows that there are infinitely 
many pairings between arbitrary irreducible bundles. 

The procedure in this section follows the classification of invariant linear differential 
operators on homogeneous spaces as presented by L. Barchini and R. Zierau in the 
ICE-EM Australian Graduate School in Mathematics in Brisbane, July 2-20, 2007 and 
the author would like to express his gratitude for the the inspiration that these lectures 
provided. 

For this section define IK = R or K = C. 



2.2.1 Pairings on homogeneous spaces 

Let V, W and E be K- vector spaces and denote by C°°(K",F) the space of smooth 
(K = M) or holomorphic (K = C) F-valued functions on K" for any vector space F. A 
bilinear map 

P : C°°(K",V) X C°°(K",W) -^C°°(K",E) 
is called a bilinear differential pairing if it is of the form 

P(0, i^) = Y, aa,/3 (1^0 ® 1^^) , V (0, ^) G C°°(K", V) X C°°(K", W), (2.2) 

where aa,p G C°°(K", Hom(V ® W, E)) and x is a coordinate system. The indices a,/? 
are multiindices in the usual sense, i.e. = x"\..a;"" for a = (ai, a„) G N". 
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If is a manifold and V, W, E are vector bundles over Ai , then a mapping 

P : T{V) X T{W) T{E) 

is a differential pairing if, in each local trivialization, P is of the form (12. 2|) . The space 
of all such pairings is denoted by F{V x W,E). 

Let us now assume that A4 = G/P is a homogeneous space and that V, W and E 
are associated bundles that arise from representations A, u and fi of P on the vector 
spaces V, W and E respectively. We will denote the derived representations of p by the 
same symbols. A pairing is called G-invariant, if 

P(/g0,/,V^) = /gP(0,V^) 

for all G G, G T{V) and ^ r(W^) and where Ig denotes left translation, i.e. 

= (0 o lg-,){h) = (^{g-^h) yg,heG. 
The space of all G invariant bilinear differential pairings is denoted by 

Fg{V xW,E). 

We will denote right translation by 

{r{X)f){x) = j^f{xeMtXm=o 

for / G C°°{G,¥) and X E Q, where F denotes an arbitrary vector space and g is the 
Lie algebra of G. It is easy to see that r{X)g = {lg)*X G TgG is a left invariant vector 
field on G. We will write the Lie algebra of G as = g_ + p, where p is the Lie algebra 
of P and g_ is any vector space complement. Let {^j}j=i,...,n be a basis of 0_, then we 
can introduce local coordinates on G/P around gP, g E G: 

if-.U ^ G/P 
(p{xi, ...,Xn) = gexp{xiXi + ... + XnXn) mod P, 

where U C K*^ is an appropriate neighborhood of 0. With respect to these coordinates, 
we see that 



iriX,)f)ig) 



\x=0- 



dxj 

We can canonically extend the action of g via r to the universal enveloping algebra 
il(fl). 

Proposition 1. In each local trivialization, an invariant differential pairing can be 
written as 

where T^^p G Hom(V ® W,E)), r(X") = r(Xi)"i ■ ■ ■r(X„)"" and {Xi}i=i,„„„ is a basis 
of 5-- 
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Proof. Using the definition of F{V x W, E) and tlie local trivialization from above, we 
can write each bilinear pairing as 

for aa,i3 e C°°{G, Hom(V(8) W, E)). If the pairing is to be G-invariant, we can compute: 

P{^,^){g) = (ViP(0,^))(e) 

= P(/,-i0,Vi^)(e) 

= J]a„,^(e)(/,-ir(X")0®/,-ir(X'^)^)(e) 

= J]a„,^(e)(r(X")0®r(X^)^)(^) 

a,f3 

and take T^,^ = aa,/3(e). □ 
2.2.2 Generalized bi-Verma modules 

Definition 9. Let Y = - Yi^i (E) Yi^2 be an arbitrary clement in il(p) (S>ii(p). Then we 
define a left (resp. right) it(p)®il(p)-module structure onlt(0)®ll(g) and Hom(V®W, E) 

by 

{ui (8) U2).Y = ^ uiYi^i (8) U2Yi^2 

i 

and 

iY.T){v ^w)^T^ {X{Y^,)v iyiY^2H 

respectively. The antiautomorphism ° of il(p) is defined by {Zi...Zi)^ — (— 
for all Zj e p. Let us denote by 

(8) ®ii(p)^u(rt Hom(V ® W, E) 

the tensor product of the two il(p) ® iI(p)-modules and abbreviate (8>ii(p)0U(p) by (|). 
Furthermore we define an action of P on (8)u(p)®ii(p) Hom(V ® W, E) by 

p.{ui (S> U2®T) = Ad(p)'Ui (g) Ad(p)ii2<8)//(p) o T o A(p)"^ (g) 

and denote by 

((il(0) (8) il(0)) «)ii(p)^a(p) Hom(V W, E))'' 
the space of elements which are fixed under this action. 
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Theorem 3. There is an isomorphism 

Fg{V xW,E)^ (g) 11(0)) ^uimm Hom(V W, E))'' . 

Proof. Let us define a mapping 

(il(0)«)il(0))(8)H(p)®ii(p)Hom(V(8)W,E) ^ PG(yxW^,£;) 

Yl {Y1 "^'1 ® ""^^.^ j ^Tj ^ Uij^i (g) My- 2 j 

where 

We will proceed in several steps: 

1. We will first show that this is well defined. Using the fact that 

riuY)f = a{Yyiu)f 

for all u e 11(0), Y e il(p) and / e C°°(G,F)''' (and we have denoted the action 
of p on F by cr), we can prove that the mapping is well defined for the tensor 
product <S>, i.e. 

((Ml ® U2).Y ® T^ = (ui U2 Y.tY . 
To keep notation simple, let F = Yi 1^2 ^ ^(p) <8it(p)- Then we compute 
{{{ui^U2).Y)0Ty{cf>,ij) = {u^Y^®U2Y2 0Ty{<|),iJ) 

= T(r(MiFi)0®r(M2>2)^) 

= T(A(y°)r(Mi)0 ® u{Y^)r{u2)ip) 

= Kr(r(Mi)0(g)r(M2)^) 

= (Mi(8M2®l".r)''(0,V'). 

2. Let us first compute for X e g, e C°°(G, V)^, G G and p e P: 

{r{X)(j)){gp) = l0(5pexp(tX))|i=o 

= ^(/.(^exp(tAd(p)X)p)|t=o 

= X{p-'){r{Adip)Xmg). 

The same is obviously also true for ip e C°°{G,W)^ and we see that 

{ui®U2®TY{(t),ip){gp) = T{{r{ui)(t)){gp)®{r{u2)ilj){gp)) 

= T{\{p)-\r{Ad{p)ui)(l>){g) ® v{p)-\r{Ad{p)u2)ij){g)) 
= M~\P-iui®U2®T)Y{cP,^){g). 

So {ui ® U2®TY{(t),ij) e C~(G',E)^ if and only if {m wa^T) is fixed by the 
action of P as defined above. 
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3. It is clear that this defines a G- invariant pairing since r and / mutually commute, 
see Proposition [H 

4. Injectivity follows from the fact that, as vector spaces, 

(il(0) ® ii(g)) ®u(p)®u{p) Hom(V ® W, E) ^ (U(g_) ® il(0_)) ®c Hom(V ® W, E) 
and the differential operators r(X") are linearly independent for X" 6 

5. The mapping is surjective by Proposition [TJ 

□ 

Corollary 1. Let us now specialize to the case that G is semisimple and P is a parabolic 
subgroup as described in the last chapter, i.e. G/P is a generalized flag manifold. More- 
over, we assume that the representations of P come from representations of the parabolic 
subalgebra p C 0. Then we have an isomorphism 

FciV xW,E) = Homn(0) (Mp(E), (il(0) ® ii{e)) ®a(p)55ii(p) V* ® W*) . 

Proof. We have the following isomorphisms: 

H(g) ® ii(g) ®u{p)mp) Hom(V ® W, E) ^ il(0) ® ii{Q) ^u(p)mip) (V ® W)* ® E 

= (il(0) ® il(0) ®a(p)8ii(p) (V ® W)*) ® E, 

since the ii(p) (8>il(p) action on (V (8> W)* (8> E as defined in Definition [9] is given by the 
derived action of p on (V (g) W)* and the trivial action on E. This isomorphism is an 
isomorphism of P modules with the action given in Definition O Therefore 

(il(g) (g) ii(g) ®ii(p)55U(p) Hom(V (g) W, E))^ 
= Homp(E*, il(g) ® il(g) ®H(p)0a(p) (V ® W)*) 
= Homii(p)(E*,il(0) ® il(0) ®u(p)55H(p) (V ® W)*) 
= HomH(0)(il(0) ®H(p) E*,il(0) ® il(0) ®n(p)«u(p) (V ® W)*) 
= Homn(0)(Mp(E),il(g) ®il(0) ®a(p)55ii(p) (V® W)*)). 

The second but last equality follows from the algebraic Frobenius reciprocity, see |62j . 

□ 

Definition 10. Let us define 

Mp(V, W) = (il(g) ® il(g)) (S)n(p)mp) ^* ® 
and call this module, following [23j, a generalized bi-Verma module. 
Proposition 2. Mp(V, W) is a ii{Q) -module with action given by 

Note that the restriction of this action to p is exactly the derived action of P from above. 
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Proof. The action of P as defined on 

(il(0) ® il(0)) ®Hom(V ® W, E) = ® il(0)) ®V* ® W* ® E 

is just the tensorial one. This imphes that the action of P on 

(il(0)®il(0))®V*®W* 

as used in Corollary [1] is also just the tensorial one. For simplicity, let X,Y & g and 
V* eW*, w* e W* and look at the derived action of ^ G p: 

+X (g) Y®^.v* ®w* + X ® Y®v* (g) ^.w* 
= ^X ®Y^v* ®w* + X ® ^Y®v* ®w*. 

This action can be extended to (as in Corollary [T]) and it is exactly as described 
above. □ 

Remark 

The module Mp(V, W) can be defined as a direct hmit as follows. As a go-module, we 
have the isomorphism 

Mp(V, W) ^ il(0_) ®c n(0-) ®c V* ®c W* 
that allows us to define 

Mp(V, W)fc = {ui®U2®v*®w* G ii(0_)(g)it(0_)(g)V*(g)W* : Ui G ii-iXd-) and h+k < k}. 

This induces a filtration 

C V* ® W* C Mp(V, W)i C ■ ■ ■ C Mp(V, W)fe C Mp(V, W)fc+i C ■ ■ ■ C Mp(V, W). 

Proposition 3. The notion of invariant bilinear differential pairings on generalized 
flag manifolds G/P as given in Section [2.1.3\ is equivalent to the definition given in this 
section. 

Proof. Let 

P : T{V) X T{W) T{E) 

be an invariant bilinear differential pairing. According to the last section, this is equiv- 
alent to having a homomorphism 

J^{V,W) ^ E, 

for some M. Since the pairing is invariant, it is determined by its action at the identity 
coset eP where it determines a p-module homomorphism 

J^^{Y,W) ^E. 
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We assert that J^(¥,W)* = Mp(V, W)^ for every A; > and prove the assertion by 
induction. For k = the assertion is triviaL Let us assume that the assertion is true 
for A; — 1 and use the exact sequence 

k 

O^0HKp+)®V®ilfe_KP+)®W^ J^(V,W) ^ jr'^-^(V,W) ^0. 

(=0 

Taking duals of this sequence together with the isomorphism p_|_ = proves the 
assertion. Now we can use the dual map 

E* ^ J^^{Y,W)* ^ Mp(V, W)m C Mp(V, W) 

together with the Frobenius reciprocity 

Homp(E*,Mp(V,W)) ^ Rom^^,^{Mp{E) , M,{Y ,W)) 

and Corollary [1] to prove the claim. □ 

2.2.3 Singular vectors in Mp(V,W) 

Definition 11. A vector G Mp(V, W) is called singular vector of weight /i G f)* iff 

1. X.Q = for all X G n and 

2. H.Q = ii{H)Q for all H e i). 
Remark 

Note that we allow singular vectors to be of the form 1 (S> l(8>/o, where /g is a highest 
weight vector of an irreducible component of V*(8)W*. These weight vectors correspond 
to zero order invariant bilinear differential pairings. So, for example, contraction of a 
fc-form with a vector field is included. 

Proposition 4. Singular vectors in Mp(V, W) are in 1-1 correspondence with invariant 
bilinear differential pairings, where we assume all modules to he irreducible. 

Proof. Using Theorem [3] it is clear that each invariant bilinear differential pairing 
T{y) X r(14^) — s> T{E) induces a singular vector by looking at the image of a highest 
weight vector of Mp(E) in Mp(V, W). 

Conversely, for every singular vector G Mp(V, W) of weight yU, it is enough to 
define a il(0)-module homomorphism 

Mp(E) ^ Mp(V,W). 

This is easily done by 

F.(l®e*) ^ r.0, 

for Y G il(g) and Cq a highest weight vector in E* of weight /x. It only remains to show 
that there is a finite dimensional irreducible p-module of highest weight /i, i.e. that /x 
is dominant integral for p. The following lemma ensures this. □ 
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Lemma 3. Afp(V, W) is the direct sum of finite dimensional irreducible Qq modules. 

Proof. As a go-module 

Mp(V,W) ^ il(0_)®il(0_)®V*®W* 
= Mp(V)®Mp(W). 

Now we can use the fact that Mp(F) is the direct sum of finite dimensional irreducible 
go-modules (see j50|, p. 500) for every finite dimensional irreducible representation F of 
p. □ 

Note that the above homomorphism is not a homomorphism of g-modules. In par- 
ticular, the sum of the central character of Mp(V) and Mp(W) cannot be used as the 
central character of Mp (¥, W) . 



Theorem 4 (Main result 1). Let G/P be a generalized flag manifold with a filtration 



of the Lie algebra g as in \1.1.4\ Fix two irreducible finite dimensional representations 
V and W and let Vq (resp. Wq) be a highest weight vector ofY* (resp. W*) with highest 
weight A (resp. v). Moreover let ai, i E I , be a simple root. Then there exists an 
invariant bilinear differential pairing 

T{V) X T{W) T{Em,) 

of weighted order M for all M E N and all i E I , where E^,! is the finite dimen- 
sional irreducible representation of p that is dual to the finite dimensional irreducible 
representation of highest weight X + u — Mai. 

Proof. For z G / as above choose elements Xa^ G ga-, X^ai ^ Q-ai and Ha^ G f) such 
that [Xq^, X„Q,J = Ha^ as in Example I1.2.2I Let us define a vector for every M > 
and i G / by 

®M = (j2 ^M,xU^ ® x-i7 j ®vi ® w;, (2.3) 

for some constants 7M,j- To show that 0^ is annihilated by n it is sufficient to show 
that Xa annihilates for all a E S. \i a ^ ai, then [Xa,X_aJ G Qa-a, = 0. 
Moreover each Xa annihilates Wq and w^. This implies that G*''^ is annihilated by all 
Xa, Oi G iS\{ai}. In il(g) we have the equality 

Xa^Xta^ = X-ai^OLi + kX'^^^Ha^ + akXta^-, 



where 



Ofc = k{l — k). 
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Here we have used that [Ha^, X^a,] = —Oii{Ha^)X_ai = — SX-o^. Using this, we can 
compute 



M 
j=0 

+7M,,((M - jHH^J + aM-j)Xi^, ® X^i'^-')^v* ® w*. 
So we obtain M equations that have to be satisfied for O^} to be a singular vector 



7Mj+i(i + 1) (g - j) + ImAM - j) {q'-M + j + l) = 0, (2.4) 



for j = 0, 1, M - 1 and g = A(i/„J = B{X, a^) and q' = iy{H^^) = B{u, a^). These 
equations are exactly the equations that we had to consider in ([T]) in the Introduction. 
Since there are more unknowns than equations, this system can be solved for 7jv/j to 
obtain an (at least) one-paramter family of solutions. The corresponding 0^ has weight 

i/.e^ = (A + z/-Ma,)(iJ)e^, 

which is exactly the highest weight of ® V* ® W*, where ® denotes the Cartan 

product of representations (see ^5j). We can now define an inclusion 

Mp(Em,.) ^ Mp(V,W) 
Y.{l(g)e*) ^ VrGil(0), 

where E^/.i is dual to an irreducible finite dimensional representation of p with highest 
weight X + u — Mai. This defines an invariant differential pairing of weighted order M 

r{v)xr{w)^r{EM,). 

□ 

Corollary 2. 1. With the situation as above. If 

g = 5(A,«r) ^{0,-,M-l} 

or 

q' = Biu,a^)^{0,...,M-l}, 
then there exists (up to scalars) exactly one singular vector of the form 0^. 

2. If q > 0, then there exists an invariant linear differential operator 

r(v) ^ r(i5;,_(,+i)„j. 

Analogously if q' > 0, then there exists an invariant linear differential operator 

r(iy)^r(E,_(,,+i),j. 
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Proof. The first statement follows immediately by looking at the rank of the matrix 
that describes the linear equations (12. 4p from the proof of Theorem HI 
Say q >0, then 

= Xll]0v* e Mp(V) 

is a singular vector of highest weight A — (g + 1)0;^. This vector can be used to define 
a g-module homomorphism 

Mp(E;,_(,+i),J-^Mp(V), 

which in turn defines an invariant linear differential operator T{V) r{Ex-{q+i)ai) 
(see [3], Theorem 11.2.1). The situation for W is exactly analogous. □ 

Remark 

A short examination of the linear equations (12.41) shows that if g G {0, 1, M — 1} and 
q' G {0, 1, M — 1}, then there could be a one parameter family or a two parameter 
family of singular vectors depending on the relation of q to q'. 

2.2 A Examples 

1. M = 1: We define for a, 6 G C: 

= (al ® X_„^ + 6X_„, ® l)®f * ® w*, 

then 

Choosing a = A(ifQ,-) and b = —u{Ha^) yields a singular vector of highest weight 
A + z/ — «j which is exactly the highest weight of V* ® W ® g*!-,^. But in case 
\{Hci.) = i>{Hai) = 0, we can choose a,b arbitrarily and obtain two independent 
singular vectors. Note that 

so these numbers are exactly the numbers that we write over the i-th (crossed 
through) node in the Dynkin diagram notation for V. 

Of course, the singular vectors described above correspond to the pairings like 

v+i 00 01 w 00 v+w-i 10 01 
X — •— • ■ ■ ■ •— • X X— •— • ■ ■ • •— • — > X •— • • • ■ •— • 

n 

-{v + l)iX'Vaf--6a''X'^VJ), 
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>0 00 po 
1)10 00/ w 00/ v+w-2 2 0/ 

X— •— • ••• •—9 X X— •— • ••• •— X •— • ••• 





or 



n 



w 00 w' V v' w+v 1 -2+w'W 
X— • ■ ■ ■ • • X X X— • ■ ■ ■ • • X X • ■ ■ ■ •— • X 



{f,9) ^ w'fVaQ-v'gVaf- 

For the notational conventions used here, we refer to Chapter [61 Note that the 
pairing P(/, g) = wfVaQ — vgV af is skew in /, g ioi v = w, so the corresponding 
(non-hnear) homogeneous operator of degree two given by / h-> P{f, f) vanishes. 
This is an example of a situation where the setup in [22] differs from the setup 
presented here. 

2. We can even go further and define 

= (al ® X^^^ + 6X_«^ ® X_„,^ + cX\^ ® * ® w*o, 

for some constants a,b,c E C. This yields the following equations 

2a(z/(ff,J - 1) + 6A(ff,J = 
2ciXiH^J-l) + biy{H^J = 0. 

On MP„, for example, this corresponds to pairings like 

i«00 00 V 00 -4+v+w 2 

X— •— • ■ ■ ■ •— • X X— •— • ■ ■ ■ •— • X •— • ■ ■ 



if,g) ^ iw-J)wfVaVhg 

a 

~2{w-l){v-l)y (^JV,)g 

b 

+ iv-l)vgVaVJ. 

c 

In this case = ai with X{Ha) = w and ^{Ha) = v. The general pattern for 
these pairings will be determined in Chapter HI 



2.3 Invar iance 

2.3.1 The homogeneous case 

So far we have only properly defined invariance on the homogenous model spaces G/P. 
Invariance here means that a pairing is invariant with respect to the action of G on 
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the sections of the vector bundles involved as in Section I2.1.3[ In Proposition [3] it was 
proved that there is a bijective correspondence between invariant bilinear differential 
pairings 

T{V) X T{W) T{E) 

and P-module homomorphisms 
for some M. 

2.3.2 Weyl connections 

Definition 12. Let P+ = exp(p_,.), then it is easy to see ([IB], Proposition 2.10) that 
P/ P^ = Go and we can consider the following two principal bundles 

P ^ g P/P+ = Go ^ Go =Q/P+ 

i and I 
M M 

In fact, Qq is the frame bundle of grTM.. 

A Weyl structure is given by a Go-equivariant section a : Qq Q . Writing the go 
component of the Cartan connection on Q as wq, one can define the puUback 

which is a principal connection, the so-called Weyl connection, on Qq. This defines, 
for each choice of Weyl structure, a linear connection on M.. 

Remark 

Similarly to the remark made in the Introduction, we again have to issue a warning at 
this stage. Our considerations are of a completely local nature, so we can always restrict 
ourselves to an appropriate open set in M. and consider local Weyl structures. This 
is especially important in the holomorphic setting where a global Weyl structure might 
not exist (due to the lack of partitions of unity that exist in the smooth category). 
We will ignore this problem throughout the thesis and always implicitly restrict our 
considerations to an appropriate coordinate patch. 

Definition 13. Let ^ = ^ Xpg be the adjoint tractor bundle induced by the adjoint 
representation of P on g. The grading of g induces a grading on A: 



•A. w4._feg -|- ... -|- A-kQ. 
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Lemma 4. For each parabolic geometry , g,uj) of type {G,P) the space of global 

(possibly after restriction to an appropriate open coordinate patch) Gq equivariant sec- 
tions (J : Qq ^ Q is a non-empty affine space modeled over the space of all one-forms 
on M.. More precisely, let a and a be two such sections, then 

a{u) = cr(M)exp(Ti(M)) ■ ■ ■ exp(Tfe„(M)), 

where T = (Ti, T^J G r(^i © ■ ■ ■ © A,,) = T{grT*M). 

Proof. A proof may be found in [20], Proposition 3.2. □ 

Let p : P —>■ GL(V) be an irreducible representation, which is therefore determined by 
p\go '■ Go GL(V). Then each Weyl structure induces a connection on the associated 
bundle V = QxpY = QoXG^Y. Let a and a be two Weyl structures related by T 
as in Lemma HI then we denote the corresponding connections on \^ by V and V. An 
explicit formula for the difference V — V is given in [20], Proposition 3.9: 

V^s = W^s+ J2 ^^(ad(Tfc„y'=oo...oad(TiyHeO)«s, (2-5) 

\\i\\+i=o - 

wherej = (-l)i = (-l)ii+-+Ao, = j, + 2j2 + - ■ ■ + kojk,, jj = ji\ ■ ■ ■ 

^ = G T{grTM.) and where • : x V V is induced by the repre- 

sentation p X V ^ V. We will give an explicit version of this formula for projective, 
conformal and CR geometry in Chapter [61 

Remark 

Let us choose a Weyl structure with corresponding Weyl connection V on every irre- 
ducible associated bundle V as above. Let E and F be associated bundles that are 
induced by representations of p which, as 0o-niodules, are completely reducible. Exam- 
ples are irreducible p-modules or p-modules that are the restrictions of representations 
of 0, as we shall see later. The Weyl structure induces a trivialization of these bundles 
into a direct sum of irreducible subbundles (see the last chapter about trivializations 
of tractor bundles for each choice of Weyl structure and how these trivializations vary 
when changing from one Weyl structure to another Weyl structure). A semi-invariant 
differential operator is given by a formula that consists of terms, each of which is induced 
by a mapping 

E^^^A^^E^F, 

where is induced by a homomorphism $ : ©^p+ © E ^ F of go-modules. A semi- 
invariant differential pairing is defined analogously. For the classical groups, semi- 
invariance is usually defined as in [38j via local coordinates. However, Weyl's classical 
invariant theory implies that these two definitions are equivalent for the classical groups, 
see [38] , Section 4. Hence our definition extends the notion of semi-invariant operators 
(pairings) to arbitrary parabolic geometries. 
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Definition 14. A bilinear differential pairing (linear differential operator) on a parabolic 
geometry is called invariant, if it can be written as a semi- invariant formula as de- 
scribed in Remark |2 . 3 . 2 1 f or any choice of (local) Weyl connection in such a way that the 
formula as a whole does not change (i.e. does not involve any T-terms) when changing 
from one Weyl connection V to another V. In other words, it has to be independent 
of the choice of Weyl structure. 

2.3.3 Weyl structures and filtrations 

Let V = V° D D • • ■ D V" D {0} be a filtered p-module, so that 
1- 3(00) acts diagonahzably, 

2. the associated graded module 

grY = groY © gviY © ■ ■ • © gr^Y, 
with gviY = Y^/Y'^'^^, has the property that Qi-grjY C gvi^jY and 

3. the action of p exponentiates to an action of P. 

Then grY is a decomposition into completely reducible go-inodules and we can look at 
the associated bundles 

y = ^ xp V and (?rr = 6?o Xg,, gr^ = Qo Xg,, V. 

Every Weyl structure is given by a Gg-equivariant section cr : Qo ^ Q. A choice of 
such a section gives an identification cry : grV ^ V hj 

aviu,v) = {a{u),v). 

Since a is Go-equivariant, this is well defined. Let a{u) = a{u) exp(Ti('u)) ■ ■ ■ exp(Tfcg('u)) 
be a different Weyl structure. Then 

av{u,v) = (o-(m), (exp(Ti(M)) ■ ■ ■ exp{T ko{u))) .v) 

and hence 

ay^ o av{u,v) = (m, (exp(-Tfco(M)) ■ ■ ■ exp(-Ti(M))).f ). 
This implies that we can write v & V a.s 

(vo\ 



\Vs J 

for any choice of Weyl structure. Under change of Weyl structure this changes to 

Vl 



\v, J 



Vi-Ti» vo 



(-i)i/^ifeo 



n:-----n)*v, J 
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Example 1 

Let us look at an irreducible representation V of p. As discussed in the last section 
grJ^Y = V © ® V. According to the above discussion, for every choice of Weyl 
structure, we can write 

^ V 

for the elements in J^V. Under change of connection, these elements transform as 

V \ _ f V 
(p J \ (p-Ti»v 

The action oi Z e Qi on gr^J^Y — V will be determined in the next chapter and can 
be written as Z.v = {[Z, ]).v e gnJ^Y = gl^ (g) V. Therefore 



(p J \(p- (ad(Ti)(.)) • V 

For e gr^iTM., the transformation law for the Weyl connection is given by 

V^_,s = V^_,5-(ad(Ti)(e-i))«5. 

One has to be careful about the abuse of notation here: the actions of p on the various 
vector spaces are all denoted by a dot although we refer to different actions. The 
corresponding actions of J\P are also all denoted by a bullet The above implies that 
the mapping 

^ s 
Vs 

which is written with respect to a specific Weyl structure (more precisely, both the 
identification of J^V with grJ^V and the connection V are chosen with respect to 
the same Weyl structure), is in fact independent of the Weyl structure and hence an 
invariant differential operator 

We will see in the next chapter that the invariant derivative really takes P-equivariant 
sections to P-equivariant sections. 

Example 2 

Let V be an irreducible p-module, so that the action of p exponentiates to an action of 
P. The fundamental derivative D can be written as a pairing 

D:V xA^V. 
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The grading of the vector bundle A can be written as grA = A- © © A+ according 
to the filtration of g = g_ + 0o + 0+ as a p-module. For every choice of Weyl structure 
we can therefore write sections of ^ as a 3-tuple. Under change of Weyl structure, this 
3-tuple changes as 

/ e \ 

^0 + E||,|H-.=o ^(ad(T,J^-'=o o . . . o ad(TO^-Ote) • 

V ' " * / 

Now D is given by 

T{V) X T{grA) ^ T{V) 

Using equation (12.51) to determine how V changes and the description of how the split- 
ting changes shows that this definition is independent of the Weyl structure. 




Remark 

Let V and W be two filtered p-modules satisfying the conditions in Section 12.3.31 and 
let gr(^ : grY grW be a go-module homomorphism. We denote the corresponding 
mapping between vector bundles by gr(j). Then a choice of Weyl structure determines 
a mapping 

It immediately follows that (p is independent of the Weyl structure (i.e. (ps- = (pa) if and 
only if (7r$ is a p-module homomorphism. 

Lemma 5. 1- If there is a P-module map $ : V ^ W, then the corresponding map 

s I— > $ o s 



is invariant. 
2. The invariant differential 



and the iterated fundamental derivative 



o{g,Yf ^ o(6^,©V®v)^ 

s ^ D^s 



are invariant. 
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Proof. The first statement follows by taking = in 12.3.21 and making use of Re- 
mark I2.3.3[ The invariance of the invariant derivative and the fundamental derivative 
was proved in Example 1 and 2 for irreducible p-modules. The general case follows 
from the fact that they are constructed by using the Cartan connection u, which is 
intrinsic to the parabolic geometry, and they do not make any choice of specific Weyl 
structure. In order to obtain explicit formulae like in the examples, one can write down 
the corresponding formulae for each Qq irrreducible component and keep in mind that 
the individual components are not invariant, just the expression as a whole. We will 
see many examples of this subtle point in Chapter O Finally note that the symbol of 
is given by 

with $ : ®'=(0/p)* ® V ®V ® V. 

□ 

Remark 

1. All the pairings and operators to be defined in this thesis are combinations of the 
invariant operations defined above and are hence invariant the sense of Defini- 
tion [H 

2. In the literature ([131 ESI [13) it is quite common to use the term natural to 
describe the operators in Lemma O Those natural operators are defined to be 
systems of operators -D(g,(^) for a certain category of parabolic geometries that 
behave well with respect to morphisms of that category. It can be shown (see, for 
example, pO]) that natural operators (pairings) on the category of fiat parabolic 
geometries (which are locally isomorphic to the homogeneous model, see |18] . 
Proposition 4.12) are exactly the (translation-) invariant operators (pairings) as 
defined in Section 12.21 

2.3.4 Geometric structures 

The description of certain geometric structures on manifolds as parabolic geometries 
is a complicated issue and it is not trivial to show that various familiar structures 
(projective, conformal, CR) are equivalent to parabolic geometries of a certain type. 
The paper [18] is dedicated to this problem and we will state (following [20]) the upshot 
of these considerations without going into too much detail. 

Definition 15. 1. An infinitesimal flag structure of type (g, p) on a smooth 
manifold Ai is given by a filtration 

TM = T'^'-'M D ■ ■ • D T-^M, 

such that the rank of T^AA. equals the dimension of gVP? ^^"^ ^ reduction of the 
associated graded vector bundle 

grTM = gr^koiTM) © ■ ■ ■ © gr^i{TM), 
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with griiTM.) = T^J\A/T^~^^Jli, to the structure group Go- Since we can take 
Q- = Q-ko © ■ ■ ■ © 0-1 as the modehng vector space for gr(TM.), the reduction is 
defined via Ad : Gq GLgr{Q-). 

2. Let 

TM = T-''''M D ■ ■ ■ D T-^M 

be an infinitesimal fiag structure of type {g, p) that makes Ai into a filtered man- 
ifold. There are two ways of defining a bracket gr{T Ai) x gr{TM.) gr{T Ai): 
firstly, we can use the reduction of grTM. to the structure group Go and the 
(algebraic) Lie bracket on g_. Secondly, we can use the fact that Ai has a tan- 
gential filtration to define the Levi-bracket that is induced by the usual bracket 
of vector fields. The infinitesimal fiag structure is called regular, if those two 
brackets coincide. 

Let us assume that no simple factor of g lies in go and that g does not contain any 
simple factors of type Ai. Then the following theorem can be proved. 

Theorem 5 ([IB])- 1- If iQ,p) does not contain any simple factor of the form 

X — • — • — • or X — • — • ■ ; 

then there is an equivalence of categories between regular parabolic geometries and 
regular infinitesimal flag structures. 

2. If {g,p) contains a simple factor of the form given above, then there is a bijec- 
tive correspondence between regular parabolic geometries and underlying P -frame 
bundles of degree two (reductions of the second order frame bundle). 

Remarks 

1. Infinitesimal fiag structures can equivalently (see [20]) be described in terms of 
frame forms of length 1 in the sense of [IB], Definition 3.2. From this descrip- 
tion the theorem above is proved by a prolongation procedure. 

2. The condition that the algebraic bracket is equivalent to the Levi-bracket can 
equally be stated in terms of structure equations as in |T8] . 

3. The conditions in the theorem above are equivalent to demanding that certain 
(Lie-algebra-) cohomology groups Hl{g_,g) vanish (see [T8| [65]). 

4. The second excluded case in the theorem above corresponds to so-called contact 
projective structures. A comprehensive treatment of contact projective structures 
can be found in [3T| . 
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Example 

If the grading of q is of length one, then the filtration of the tangent bundle is trivial 
and an infinitesimal flag structure is equivalent to a reduction of TA4 to the structure 
group Go- 

1. For the choice of G and P as in Example 11.3.11 (b) and 11.3.21 (b), we obtain 
Go = CO{p,q), so an infinitesimal flag structure is equivalent to the choice of 
a conformal class of metrics (with signature {p,q))- For ra = 4, for example, a 
different choice of G leads to Gq = 5(GL(2,C) x GL(2,C)), which is a 4 - 1 
covering of G0(4, C). Reductions of the structure group of TJH to this group 
correspond to spin structures, see ji27] . 

2. For the choice of G and P as in Example 11.3.11 (a) and 11.3.21 (a), we obtain 
Go = GL{n, M), so it is obvious that an infinitesimal flag structure does not carry 
any information at all. Rather, we have to look at the underlying P-frame bundle 
of degree two. This is the first excluded case in the theorem above. 



Chapter 3 

The first order case 



This chapter describes a classification of aU (non-degenerate) weighted first order in- 
variant bihnear differential pairings on a general regular curved parabolic geometry 
{•M.,Q , QjUj) of type {G,P) that we consider fixed throughout the rest of this thesis. 
Furthermore we characterize degenerate pairings via the existence of invariant linear 
differential operators. 

3.1 The obstruction term 
3.1.1 The possible candidates 

In the following we will fix two finite dimensional irreducible representations given by 
A : p ^ qI{Y) and i> : p ^ 0l(W). Moreover denote the highest weights of V* and W* 
by A e f)* and u e i)* respectively. Sometimes we will want to include this additional 
information about a representation in the notation: for any irreducible representation 
E of p we will write to record that E* has highest weight e ()*, i.e. V = Va and 
W = W^. 

There are two exact sequences associated to the first weighted jet bundles of V and 
W: 

^ {ld-i(grTM)y 0V ^ jV ^V^O 

and 

^ (H^iigrTM))* ®W ^ J^W ^0, 

which are the weighted-jet exact sequences as described in the last chapter. All these 
bundles are associated bundles, so on the level of p representations we have 

^ 01 ® V ^ J^Y ^ V ^ 

and 

^ 01 ® W ^ J^W ^ W ^ 0. 
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In other words, there are two filtered modules 

j^iV = V + 0i(8)V 

and 

jiW = W + 010W. 
Therefore the tensor product has a filtration 

01 (g) VOW 

J'^V® J^W = V® W+ ® + 01 V 01 (8) 

V0010W 



The p-module structure of 

J\Y, W) = J^Y ® j'W/(0i ® V ® 01 ® W) = V i 



V® 01 ®w 

© 

01 V ® w 



is such that 

o{g, Yf ® o{g, 3 {s, t)^{s^t,s^ v^i, v^s ® e j^(v, w))^ 

is well defined, i.e. maps P-equivariant sections to a P-equivariant section. In order to 
see this, we introduce dual (with respect to the Killing form) linear basis {Ca}a=i,...,n 
and {?7°}a=i,...,„ of 0_ and p+ respectively. Since = 0i, we can restrict those basis 
to basis {^a'}a'=i,...,n' ^ud {ry" }a'=i,...,n' of 0_i and 01 respectively. Then the following 
lemma holds. 

Lemma 6. Let 

be the canonical projection, let Z E p and let {vq, X ® u) (g) {wq, F w) e J'^Y (8) J'^W. 
Furthermore define the action of Z on (V, W) by 

j\~X,u){Z)p{{vo,X ^v) ® {wo,Y(»w)) = 

/ ^ A(Z)-uo ® Wo + ® z>(^)wo \ 

\{Z)vo 0w + vo0 {Y v{Z)w + [Z, Y]^^ ®w + Y.^, rj'"' ® i>{[Z, ^a']p)wo) 

where [., ]a denotes the bracket in followed by the projection onto a subspace a of Q. 
Then the mapping 

o{g, v)^ ® o{g, wf b (s, t)^{s^t,s® v^t, v^s ® t) e o{g, j\y, w)f 

is well defined, i.e. maps P-equivariant sections to a P-equivariant section and therefore 
defines an isomorphism 

j\V,W)^g Xpj\Y,W). 
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Proof. We have the following canonical projections: 
and 

J^V® J^W^ J^(V,W). 

It is therefore sufficient to define the p-module structure of J^U for an arbitrary repre- 
sentation U of p and to check that s ^ {s, V^s) is a well defined mapping 

that takes P equivariant sections to P equivariant sections. In other words, that the 
mapping s ^ {s, V^s) defines an isomorphism J^U = Q Xp J^U. 

So let p : p ^ be a representation of p and denote the representation of p on 

J^U by j^p. First of all note that 

-Czs = -uj-\Z)s = -V%s = p{Z)s 

for every Z G p and s G 0{Q,l])^. This shows us exactly how to define the represen- 
tation j^p. 

= {p{Z)s, p{Z)V-^s + p{[Z, X],)s - Vf^,^]^_ s) 
= jV(^)(s,V^.), 

for all Z G p and X G g_. Note that we have used the fact that the curvature of any 
Cartan connection is horizontal (see Remark 11.3. ip . This determines the action j^p on 
an arbitrary element {u, ip) G J^V = U © IIom(g_, U) via 

J^p{Z){u,(p) = {p{Z)u,p{Z) o (f + p{adp{Z){.))v - (f o adg_{Z)). 

Using the isomorphism Hom(g^, U) = p+^U, we can write elements in J^U = USp+^U 
as linear combinations of simple elements of the form [uq, Y ® u). Then the action of 
Z G p is given by: 

fpiZ)iuo, Y0u) = (p(Z)mo, Y ® piZ)u +[Z,Y]0u + J2v"® pi[Z, Up)uo). 

a 

This follows from 

(F® n)(ad0_(Z)(.)) = B{ad,_{Z){.),Y)u = -B{., [Z,Y])u = -{[Z,Y]^u) 
as a map g_ ^ U, where we have used that B{Qi,Qj) = V i 7^ —j, and from 

p(adp(Z)(.))^i = 5^77" ® p([Z,ejp)M. 

a 

It can now be easily checked that j^(A, u) is exactly the induced representation under 
the projections and tensor products given above. □ 
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Corollary 3. Qq acts tensorally on J^{y,W). If Z G 92 © ••• ®Qk, then 
i^{\v){Z)p{{vQ,X ®v) ® {wq,Y ®w)) = 0. 

If Z e Qi, then 

( ° 

We will call this term the obstruction term. 

Proof. Using C Qi+j for all these considerations follow easily from the fact 

that p+ acts trivially on W and V. □ 

The reason for this setup is given in the following lemma. 

Lemma 7. Weighted first order bilinear invariant differential pairings 

ViV) X V{W) V{E) 

in the flat homogeneous case GjP are in one-to-one correspondence with p-module ho- 
momorphisms 

J\Y,W) E. 

In the general curved case, these homomorphisms yield (modulo scalars or curvature 
correction terms) all weighted first order invariant bilinear differential pairings. 

Proof. The first part of the lemma concerning pairings on homogeneous spaces was dis- 
cussed in 12.3.11 In the general curved mentioned above, the p-module structure 
of J7'^(V, W) ensures that the mapping 

o{g, Yf ® o{g, wf 3 (s, t)^{s®t,s® v"t, v"s ®t)e o{g, j\y, w)f 

is well defined. The composition of this mapping with p-module homomorphisms 
J7'^(V, W) — > E yield, following [17j, strongly invariant differential pairings of weighted 
order one. These are independent of the choice of Weyl structure, see [T2j, Section 5.1, 
and Lemma [5l An arbitrary invariant differential pairing of weighted order one can be 
restricted to the fiat model, where it is given by the above construction. The original 
pairing on a general manifold with parabolic structure can then differ only by scalars 
or curvature correction terms from the strongly invariant operator. □ 

Looking at the exact sequence of p-modules 

01 ® VOW 

V©0i®W 
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it is clear that a p-module homomorphism J'^{Y,W) E onto an irreducible p-module 
E induces a go-module homomorphism 

gi ® V® W 

© ^E 

and so the only candidates for E are the irreducible components of gi © V ® W viewed 
as go-modules (or as Qq modules, since 3(00) acts by a character). However, not every 
projection tt is a p-module homomorphism. In order to determine which vr are allowed, 
we use Corollary [3] to note that the action of go on J'^ (V, W) is just the tensorial 
one, so J'^(V, W) can be split as a go- module. But p+ does not act trivially as on any 
irreducible p-module, so in order to check that a specific projection is indeed a p-module 
homomorphism and not just a go-module homomorphism, the image of the action of 
p+, when acting in J'^(V,W), has to vanish under vr. This is exactly the obstruction 
term from above. On the other hand this is obviously sufficient for tt to be a p-module 
homomorphism . 



3.1.2 Casimir computations 

Lemma 8. Let Y be a finite dimensional irreducible representation of go and let A be 
the highest weight ofY*. Moreover let {Ya}, {Y"-} be dual basis 0/ go with respect to 
B{., .) and denote by po = SaGA+(0o) ^'^^^ ^^^^ positive roots in Qq. Then 

the Casimir operator c = YaY"' acts by 

c(A) =5(A,A + 2po) 

on V. 

Proof. It is well known that the lowest weight of V is —A. Now let v^x G V be a lowest 
weight vector and take 

C ^^^^^ hjq^hj I ^^^^^ (^iIj Q^3y — . Q, I 3y — 

i aGA+(g()) 

where {hi}, {h^} are dual basis of f) and Xa G g^, X-a G g_Q, are dual with respect to 
B{., .) for all a G A"'"(go). Since V-x is a lowest weight vector, it is killed by all OC — ^ SO 
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the action of the second term is given by 



aeA+{go) 



aeA+(0o) 
aeA+(0o 

E 

aeA+(go 

E 

aGA+(0o 

E 

aGA+(0o 

E 

aGA+(0o 

B{X,2po)v^x- 



B{hx, K)v-x 
B{\,a)v^x 



Here, for every /i G ()*, /i^ G I) is the unique element with fi{H) = B{h^,H) for all 
e f) and [xcX-q,] = B{xa,X-.a)ha = ha as in [ID], Proposition 8.3. The first term 
obviously yields Ylii^{hi)\(Jt)v-x = B{X, X)v-x, see [IQ], 22.3. By the Schur lemma, 
we deduce that the action of c on the whole representation V is given by B{X, X + 2po)- 



Finally we note that c is independent of the choice of basis 
Lemma 9 ([16j). The obstruction term can be written as 

( \ 

Wo ® 



□ 



® Wq 



J 



where 



Sl ® V = V.,, 



/or 2 = l,...,/o, are the decompositions into irreducible Qo-modules with corresponding 
projections Tixn o-nd tTj^o-, o^t-c? where 



^■jKij " 2 



(c(/tij) - c(7) - c(-ai)) 

Proof. Writing down the obstruction term as a mapping 

V® gi O W 



$ : 01 ® V® W 
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with 

V l^a' Va' ® X{[Z, ^a'\)Vo ® Wq 

allows one to use the Casimir operator to turn this into an easier expression. 

Let {Ya}, {Y"'} be basis of go, orthonormal with respect to the form B{.,.) as in 
Lemma [HI The Casimir operator of go is c = YaY"- and we compute 

a 

= J2B{[Y'^,Z],^^,)Ya, 

a 

where in the first equality we have written the element [2', ^q,/] G go in the basis {Ya} 
and the second equality follows from the associativity of the Killing form. Furthermore 



J2va'®~Xi[Z,^^,])v = J2r]^,(g)~xlj2i[Y'',Z],^^,)YA 

a' a' \ a / 

= 5^5Zr7.'([>^^^],e«')®A(F,)^;o 

a a' 
a 

where this time we have written the element [Y°',Z] G 0i in the basis {rja'}- Inter- 
changing {Ya} with {1^"}, the same calculation can be done to obtain an analogous 
expression 

^[F", Z] ® X{Ya)vo = Y,Va'^ ~X{[Z, ^a'])v = J^fFa, Z] ® X{Y^)Vo. 
a a' a 

This yields 

J2[y^Z]®X{Ya)v = ^J2^aY''^Z^Vo) 

a a 

-i Y.(YaY\Z) ® ^; - i ^ Z ® {YaY\Vo) 

a a 

ie/ j=i 

where — is the the highest weight of {q\)* = 0*_i, ranges over the highest weights 
of the duals of the irreducible components of g*^ (S> V and irxn ^ denotes the corresponding 
projection. 

Exactly the same calculation can be done for rja' ® [Z, ^q,/].wo □ 
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Lemma 10. With the conventions as above, 

'^cxTij = Wnj + - II A + pII^ and2c^„. . = \\aij + - \\iy + pf, 
where p — Ylk=i — ^ SaeA+(fl fj) ^ ^■^ ■^^'^ over all positive roots in g and 



Proof. We will do the computation for V, the case of W being analogous. Let /i be 
the highest weight of E*, where E C fl^ ® V is an irreducible component. First of all, 
we note that E* C ® V*, so fi can be written as A plus a weight of g^j^. But all 
weights of have the form — ctj — '^j^jnjaj, so A — — = 
Now use the equation 

2B{p,ai) = B{p,a^)\\ai\\^ = \\ai\\^ 

to deduce 



2ca^ = B{fx,p + 2po)-B{\,\ + 2po)-B{-ai,-ai + 2po) 

= B{p, p + 2p)- B{\, \ + 2p)- 2B{p -po,p-X)- \\ai\f + 2B{ai, po) 

= ll/i + pf - ||A + pf + 2B{p - Po, A - At - ai) 

= ||p + p||2-||A + p||^ 



because 



\ 16/ ieJ / 



5(p - Po, A - p - a,) = 5 I > ^ cui, > ^ Tijaj | = 0. 

□ 



If E^ is one of the irreducible components of gi V (g) W, then we denote by tt^. ^.^ 

the projection V^-i j ® W ^ E^f^ onto the k-ih copy of E^ in the decomposition, tt^. 
is defined analogously as the projection onto the k-th copy of E^ in V (g) Wg.. . . Every 
projection 

VOgi (g) W 
TT : e ^ E^ 

gi V(8) W 

can be written as 



TT 



Z2®V2® W2 
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for some constants aTij,k and bai^^k- In order for a projection vr to be a p-module 
homomorphism, tt o $(Z ® f ® w)) = has to hold for all Z E Qi, v E Y and w G W. 
This reads 

= 0. 

Let X denote the number of copies of in gi ® V ® W, then there are 2x unknowns 
and X equations. Since Z, v and w are to be arbitrary and all tt!^. ^^{irxr-j {Z <^v) <^ w) 
lie in different copies of E^, we can think of those elements as constituting a basis {e,j} 
of ©^E^. The same is true for the different tt^. ^.^(f ® n^(^..{Z (g) w)), which constitute 
a different basis {/,}• Hence there is a linear isomorphism fj = Yli^ij^i connecting 
those two basis and we obtain x equations 

3 

where r(i) (resp. (T{j)) denotes the representation corresponding to the index i (resp. j'), 
i.e. the i-th (resp. j-th) copy of E^ lies in Yr{i) ® W (resp. in Wo-(j)). If all CAr(i) 7^ 0, 
then the constants are uniquely determined by the 6j's. 

This yields an x-parameter family of invariant bilinear differential pairings if ^ 7^ 
for all i,j such that E^ C Vt-.^. ® W. If c\-,-^. — 0, then there exists an invariant linear 
differential operator 

T{V)^V{VrJ, 

where ^ is the associated bundle to the representation V^-,^. The roles of the and 
hj can, of course, be interchanged, so that we can alternatively exclude the situation 
where Cy^^. = 0, which corresponds to the existence of first order invariant differential 
operators r{W) ^ r(Wo-jj)- Thus we have proved: 

3.2 Classification 
3.2.1 The main result 

Theorem 6 (Main result 2). Let V and W be two finite dimensional irreducible p- 
modules, so that V* and W* have highest weights A and v respectively. Furthermore 
denote the decomposition of the tensor products by 

0^^®V = V,,,©...©V,,_„^, ^ = l,...,/o 

and 
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If c\n,j 7^ for all i,j such that C ® W or Cu(j,j for all i,j such that 
C V(8>Wo-- ^. , then there exists an x -parameter family of first order invariant bilinear 
differential pairings 

T{v) X r(i^) r(E^), 

where x is the number of copies o/E^ in Qi^Y^W . Modulo curvature terms, all invari- 
ant bilinear differential pairings of weighted order one on regular parabolic geometries 
are obtained in such a way. 

Corollary 4. The situation is considerably simplified if there is only one copy o/E^ in 
Si (S> V W. More precisely, let 

E^ C V,,,,^^ ® W and E^ C V ® W,,,,^ . 

Then we can choose a = Cuatj^ (^nd b = —cx^j^ if we normalize the projections correctly. 
Every multiple of this pairing is obviously invariant as well. It also shows what happens 
if weights are excluded: 

1. If cx-r^^^ = 0, then we must take 6 = and a is arbitrary. This corresponds to the 
existence of an invariant first order linear differential operator T{V) — > r{Vr^.^) 
combined with a unique projection r(K-i.j^) ® r(W^) T{E^). 

2. If Cvaij^ = 0, then there exists an invariant first order linear differential operator 
r{W) — > r{Wcrij^). This operator can be combined with the unique projection 
r{Wfj^^^) ® T{V) —>■ r{E^), i.e. we must take a = and b is arbitrary. 

3. //cArij^ = Ci/crij2 ~ then the statement of the main theorem is not true anymore. 
We obtain two independent pairings corresponding to the two invariant linear 
differential operators and the projections mentioned above. 

Corollary 5. Let us briefly examine the condition c\r = for the special case that 
T = X — tti, i E I. This implies 

cxr = -B{X,ai). 

This implies that cxr = if and only if the number over the i-th node (which is crossed 
through) corresponding to the simple root ai in the Dynkin diagram notation for V is 
zero. This equation is in accordance with the situation considered in Theorem^ and the 
Introduction. 

Remark 

Let us write f) = f)'^ © 3(So) for the orthogonal decomposition of f) into 

= span{/i^^. : J G J} and ^(flo) = {H e i) : aj{H) = 0W j e J}. 



3.2. CLASSIFICATION 



75 



The duals can be characterized by 

(P)^)* = span{aj : j E J} , ^(flo)* = span{uJi : i e I}. 

If we write A = Aq + A' for the decomposition of an arbitrary element A G f)* into 
Ao G (f)'^)* and A' G 3(So)*, then the following proposition holds. 

Proposition 5. The equation cxr^j = is equivalent to 

= -2^((^^.i)o' Ki)o + 2po) 

-5(Ao, Ao + 2po) - 5((-ai)o, (-«j)o + 2po)), 

where we have written A = Aq + A' for Aq G (P)'^)* and A' G 3(00)* ^^^^^ correspondingly 

-ai = (-ai)o + T-jj = {Tij)o + A' + 

A'^ote i/iai the tensor product decomposition of{Q\)*®Y* only depends on Aq and {—ai)o. 
This is a linear equation on A', so in Theorem\^ we have to exclude a codimension one 
subspace of weights in 3(00)* for every with C V^--^. ® W. 

Proof. This is a direct computation using the fact that 3(00)* and (l)^)* are orthogonal 
with respect to B{.,.). In order to see this take A G 3(00)* and /i G (f)'^)*. Then 
h\ G 3(00), i-e. a{hx) = for all a G Sp. Now use the fact that (f)"^)* is spanned by Sp 
to deduce that 

5(A,/i)=MM = 0. 

□ 

Corollary 6. We will treat two special cases separately. The case where p induces a 
\l\-grading and the case where p = b is a Borel subalgebra. 

1. If p induces a \l\-grading, then 3(00) is one- dimensional and spanned by the grad- 
ing element E. The action of E on any irreducible representation of p is given by 
a scalar which we call geometric weight. 3(00)* is then spanned by tUjy, where 
I = {iq} and we scale the inner product B{., .) to an inner product (., .) on 1)*, so 
that (cuiojt^ij = 1. 

The highest weight A of V* can be written as X = Xq — ujUi^, where u is the 
geometric weight of Y and Aq G (f)"^)*. The geometric weight of Qi is obviously 
1, so — Oj,, = — cUj,, + (— aj(,)o. // F C 01 ® V* has highest weight t, then F has 
geometric weight u -\- 1 and we can write r = tq — (cu + l)^;^^. Then we obtain 

where 

Caoto = ((^0, To + 2po) - (Ao, Ao + 2po) - ((-«io)o, (-ttio)o + 2po)) , 
in accordance with IT^ . 
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2. If p = b is a Borel subalgebra, then 3(30) = 0o = f)- IiT' ihis case q\<^Y = Yn, 
with Ti = \ ~ ai for i E I = {1, ...,n}. It immediately follows that 



cxn = -B{X,ai). 



Example 

Let us look at the |l|-gradmg given by 



>^-« ■■■ 

Then cui^ — ei and —aig — 62 — ei. This implies 

1-2 ^ 

(-ttio)o = (^2 = ^Oij+ 2 + ^i) ^ span{aj- : j = 2, ...,/} = (t)^)*. 

Moreover po — Yl]=2^j — ~ 2)ei + (/ — 2)e2 + (/ — 3)e3 + ... and hence 

((-Q;io)o, (-aio)o + 2po) = 2Z - 3. 
Let us be even more concrete and set 

A = X m • ■■■ m-i^ ^ [v + Ijei + 62 

• 

and look at r = vei, i.e. tq — 0, cu — —{v + 1) and Aq = €2. Then 

^ = Co^(2^-2)+^ = 0. 

Note that n = 2/ — 2 is the dimension of the conformal manifold under consideration 
(the flat model being the sphere Of course, we could have also calculated 

\\r + pr-\\X + pr^^^^{2l-2 + v). 
3.2.2 Examples 

Wc will look at pairings on projective manifolds of dimension n. In this case invariance 
means that a given formula does not depend on the choice of connection in the projective 
equivalence class. More precisely, recall from the Introduction that if V and V are two 
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connections that induce the same unparametrized geodesies, then there is a one form 
Tq such that 



for every one form uja € VL^{M.). This formula can be used to deduce the difference of 
the two connections when acting on any weighted tensor bundle as shown in [23] and 
from this the invariance of any differential operator or pairing can be checked by hand. 

1. Let 

u> , l+i" 1 

V = X— •— • ... •— • and W = x — •— • .. 



so we look at pairings between weighted functions and weighted vector fields. We 
have 

„. „„. 1 1 

gi®V®W = 



as 0Q-modules and geometric weights uji = — for V and uj2 = — ^^^^^^ for 
W. Taking fiQ = yields c°^^^ = and c'^^^^g = n — 1. This corresponds to the 
invariant pairing (where we have multiplied everything by —^^)- 

{n + v + l)X''VJ-w{VaX'^)f. 

2. Quite similarly we obtain an invariant paring 

w D-2 1 2 

X— •— • ... •— • X X •— • ... •— • — i> X •— • ... •— • 

if,(^b) ^ - 2)(T(aV6)/ - w(V(a(Tfe))/ 

from the fact that in this case UJ2 — cl^^^ = — 2) for W = Q^{v). 

3. A more sophisticated example can be obtained by taking 

l+v 1 w-{k+l) 1 

V = X — •— • ... •— •, W = X •— • ... • • • .. 



1 is in the (A:+l)th position 

and 

v+w-{k+l) 1 

E = X •— • ... • • • .. 



1 is in tile (fc+l)th position 

i.e. we pair weighted vector fields with weighted fc-forms to obtain weighted Re- 
forms again. This time the multiplicity is two and indeed, for non-excluded ge- 
ometric weights, there is a two parameter family of invariant bilinear differential 
pairings given by 

Y-X7r, I n + v-w-vw + vk + 1 k + 1 

[n + v + l)[v + l) v + 1 ^ 
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and 

^"V[aa;6c...d] + 7 : ^^rVT , , -,-. {'^aX'')<^bc...d — ^(^[a^")'^6c...d]■ 

^ ' [n + V + l){v + l){k + 1) v + 1 ^ ' 

It can be seen that the denominators can only be zero when excluded weights are 
encountered, because u;i —Cw n = — ^(n+f + 1) and cji— c*? . n = — '^(v + 1) 

' ^ Ao(ti)o n+1 V ' ' / J- A()(r2)() n+l V / 

for V. If one of these is zero, then the corresponding operator X"" i— > Vq^" or 
X"' I— > VfeX" — -VcX'^Sf,"' is projectively invariant. 



3.3 The Problem with higher order pairings 

For higher order pairings the reasoning in the last section quickly gets out of hand. In 
the second order case for |l|-gradcd Lie algebras, for example, we have the following 
problem: the possible symbols are given by mappings onto irreducible components of 

0^01 ® V ® W 

© 

01 ® V® 01 ® w . 

® 

V (g) 0^01 W 

Therefore we have 

2 X |{E c 0^01 V W}| + |{E c 01 V 01 W}| 

unknowns corresponding to the terms which arc second order in V, those which are 
second order in W and those which are first order in both. However, there are 

2 X |{EC0i0V0 0i0W}| 

obstruction terms. So it is not clear that we should obtain any pairings at all if there are 
more obstruction terms than unknowns. In the homogeneous case of — G/P — CP„, 
for example, one can look at all the pairings between 

w 1 1+'' 1 

V = X • • ... •— • and W = x — •— • ... •— • 



that land m 

v+w-2 10 
X •— • ... •— •. 

The terms at disposal are 

fVaVbX", VafVbX", VbfiVaX' 

and there are four obstruction terms 



/T„V^,X^ /T,V„X^ (V„/)T,X^ (VJ)T„X^ 
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So one might expect that only the zero paring would be invariant. But, somehow 
miraculously from this point of view, this is not the case and we obtain a one parameter 
family of invariant pairings spanned by 

[V + n + l)n 



v + 1 n (t> + l)(t> + n + 1) 



This formula even has a curved version that describes the invariant bilinear differential 
pairing for a manifold with a general projective structure. One only has to add the 
curvature correction term 

lCl( 1) A- 7/l) ^ 

-PabX /, 



V+l 

where Pah is the Schouten tensor to be defined in Chapter [61 
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Chapter 4 

Higher order pairings 1 



In this chapter we will study certain higher order invariant bilinear differential pairings 
for which we can write down explicit formulae for the pairings and the curvature correc- 
tion terms. One can only hope for an explicit formula if there is a one-parameter family 
of such pairings. It turns out that a certain class of those allows a unified description 
which is completely independent of the specific geometry and even of the bundles in- 
volved. It only depends on the order of the pairing in the same spirit as the differential 
operators described in [T2] . 

4.1 Semi-holonomic jet bundles 

In order to study higher order pairings on general (curved) parabolic geometries, it 
turns out that we need to consider semi-holonomic jet bundles instead of the usual jet 
bundles. The reason for this is that the latter cannot be described as associated bundles 
for some representation of P. 

4.1.1 Restricted semi-holonomic bi-jets 

Definition 16. We will define the A;-th restricted semi-holonomic jet prolonga- 
tion of a p-module V as in [ST] inductively. Firstly, J^Y = J'^W is the usual first 
weighted jet prolongation as defined in 12.1.21 Having constructed jf'^~^V, there are two 
canonical projections 

The first one is the usual projection J'^Y V for any p-module V followed by the 
inclusion J^~^N C J^{J^~'^Y) that is assumed to exist by the induction hypothe- 
sis. The second projection is induced by the first weighted prolongation of the map 
J^^^Y J'^^'^Y. Their equalizer is the submodule jf^V. The filtration of this module 
can be written as 

k 
i=0 
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There are canonical maps vrf : jf^V J^N for all /c > /, so we can define the re- 
stricted semi-holonomic bi-jet prolongation J'''{Y,W) of two p-modules V and 
W as in I2.1.4[ The filtration of this p-module is given by 

k 

J\Y, W) = ^ ©}=o(®'0i ® V) ® i^'-'di ® W) 

i=0 

and the p-module structure of J^iY, W) is induced by the p-module structures of J^N 
and jf^W as described in [57] . 

Remark 

The associated bundles J^V and S'^iY-, W) are called the restricted fc-th semi-holonomic 
jet bundle and the restricted fc-th semi-holonomic bi-jet bundle respectively. In con- 
trast to J^V the (restricted) semi-holonomic jet bundle J^V is an associated bundle 
for each parabolic geometry. This is because J^V is defined by iterating the functor 
which maps an associated bundle U to an associated bundle J^U . The iteration of this 
functor yields an associated bundle ■ ^ ■ J^^ V and J^V as an associated subbundle 

fc— times 

by using the P-module homomorphism 

fc— times 

Proposition 6. Let Yx, Wj^ and be three irreducible p-modules and let ^ be a 
QQ-module homomorphism 

Then $ extends trivially to a p-module homomorphism $ : i7'^(Va, Wj,) if and 

only if 

Z -k(f)Q® IpM-l Z-k iIjm-2, 

Z -k (f)j_i (g) ^IjM-j + 4>j® Z -k ijjM-j-l, 



Z k (f)M-2 (S>i>l+ (pM-l (S) Zklpo, 

Z -k (f)M-i (S)^po =0, 
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for = (00,-, 0m) e J^'iYx) and ^ = {^jq, ...,^m) e J*^(W,), t.e. 0, G &0i(E)Yx 
and tpj G &Qi ® for j = 0, M. The action -k is defined by 

Z^{Ui®---®Uj®u)= ^ ^ f/i ® ■ ■ • ® t/, ® r]" (g) [Z, ia]-{Ui+i ®---®Uj®u), 

0<i<j a 

for Z E Qi and dual basis {r/"} and {^a} of Qi and 
Proof. Let us write 

then the action of p+ on J'^'\Wx,Wu) is defined by 

Z ^ [0 ® ^A] = [(Z ^ 0) (g) + ® ^ ^)], 

where the bracket [.] denotes the equivalence class modulo B and the stars inside the 
bracket are the actions of p+ on jf^^(VA) and J7'^^(W;^) as defined in [56], Proposition 
3.9. Furthermore we note that $ extends to a p-module homomorphism if and only 
if $ annihilates the image of the action of p+ on S^{Y\,Wty) that lies in the module 
®jLoi&Qi ® Va) ® (®*'^"^0i ® W^). Finally it has to be noted that p+ is generated by 
01, so we can restrict our attention to the action of 0i. □ 

4.1.2 Extremal roots 

Definition 17 (The Weyl group). In the first chapter we have introduced the real 
vector space E for a semisimple complex Lie algebra g which is equipped with a positive 
definite bilinear form B{., .). For every a G A(g, f)) we will denote by 

cr„(A) = X- B{X,a'')a\/ Xe E 

the refiection on the hyperplane perpendicular to a. The Weyl group W is the group 
generated by those refiections. In fact, W is generated by simple refiections, i.e. by aa 
for a G 5, as can be seen in [3^, p. 51. Every w G W has a unique length l{w) which 
denotes the minimal number of simple refiections necessary to generate w. 

1. For simple refiections we can write down an explicit formula for the node coeffi- 
cients for any weight A using the Cartan integers Cij: 

B{a^^ (A), aj) = B{X, aj) - B{X, a,^)c,,. 

2. The most significant action of the Weyl group on weights, however, is the afRne 
action given by 

w.X = w{X + p) ~ py X e E, w eW, 
where p is given by p = Yl\=i ^i- 
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3. The Weyl group has an important subgraph, the Hasse diagram which 
is associated to a parabohc subalgebra p of q. It is defined to be the subset 
of elements in W whose action sends a weight A, dominant for g, to a weight 
dominant for p. For more information and an easy algorithm to determine W 
see [3], p. 39-43. 

4. For every A G [)*, let ||A||^ = -B(A,A). Since B{.,.) is invariant under the Weyl 
group (an easy exercise), the Weyl group acts by isometrics with respect to this 
norm. 

Example 

An easy calculation shows that the Weyl group of sl^+iC is isomorphic to the symmetry 
group S„+i and acts on a weight A = J27=i ^i^i ^y permuting the 6j's. More precisely, 
aa, exchanges bi and and leaves the other numbers unchanged. 

Definition 18. Let be a root of q such that Qg G Then there exists an i G / such 
that Qe G gL^. Let us call all such roots that in addition lie in the same orbit under the 
action of W as —a, extremal if is a long simple root. 

Let Yx and Wi, be two irreducible p-modules so that has highest weight A G f)* 
and W* has highest weight u G f)*. Moreover suppose that a,/5 G f)* are extremal roots 
such that Qa,Qi3 ^ 0-i and \ + ka and u + k(3 are dominant for p for A; = 0, ...,M. 
For the rest of this chapter we will implicitly assume that this setup is given. Finally, 
suppose that there is an irreducible component (of the go-module tensor product) 

of multiplicity 1 so that 

is an irreducible component of multiplicity one for j = 0, M. 
Remark 

This setup excludes exactly those problematic pairings that were considered in 13.31 At 
the end of this chapter we will comment on the scope of the construction showing that 
it includes a wide class of pairings. 

Remark 

Let Vk be an irreducible p-module and let 6 be an extremal root such that k + k6 is 
p-dominant. Then k6 is an extremal weight of ©'^g-i and hence the Parthasarathy- 
Ranga-Rao-Varadarajan conjecture, that was proved in [17], shows that there is an 
irreducible component of highest weight k, + k6 in ®^g_i ® V* as long as k, + k6 is 
p-dominant. The triangle inequality shows that k, + k6 appears with multiplicity one, 
since ^ is a long root. 
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4.1.3 Obstruction terms 

For some constants •jmj and the setup as above, let us define 

M M 
j=0 j=0 

where 

TTA, : &di ® V ^ Va,, tt,, : ® W ^ W,, and vr^ : Va, ® W,,,_^, 

are the canonical projections and we have used the abbreviations A, = X + ia and 
Ui = u + i(3. 

Lemma 11. With the setup as above, 

VTA, {Z ^ <t>J-l) = ^ (II A + J« + Pir - II A + pf) TTA, (Z ® 

and 

7r,^(Z*^,-_i) = - (||z/ + j/3 + pf - ||z/ + pf)7r,^,(Z®^,_i). 
Proof. This follows directly from Lemma [9], Lemma [10] and Proposition [6] since 
tta^ (Z * (Xi ® • ■ ■ ® Xj^i ® t;) 



^ ^ Xi O ■ ■ ■ ® Xi O r]" O [Z, ^J.(Xi+i O ■ ■ ■ ® Xj_i O v) 

\0<i<j-l a 



\ (^5Z(I|A + + 1)« + pf - l|A + «a + pirj 7rA^(Z®Xi®' 
^ (||A + ja + pf - ||A + pf) nx^{Z ® Xi ® • • ■ ® Xj-_i ® t;). 



Here we have used that Yx+ja C ©-^gi © Va- The calculation for ip is analogous. □ 

$ is a p-module homomorphism if and only if the obstruction term from above given 
by $(Z -klcj) ® ip]) vanishes. This can be computed as 

1 / 

= ^ (7^,^.(||A + j« + pf- II A + pf) 

j=i V 

+7MJ-1 (Ik + (M - J + 1)(3 + pf -\\iy + p||^))vr(Z ® ® ^/-M.j 
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where vr is the projection onto E^. Now we note that 

\\X + ja + pf ~ \\\ + pf = \\afj{B{\ + p,a'^)+j). 

Thus the vanishing of the obstruction term is equivalent to the following M equations: 

7M,,+i(j + l)||a|r(g - j) + ImAM - j) \\l3\\\q' + j + 1 - M) = 0, j = 0, M - 1, 

where q = —B{X + p, a^) — 1 and q' = —B{v + p, — 1. Moreover we know that a and 
(3 lie in the same Weyl orbit and therefore have the same length. Hence the equations 
reduce to 



7Mj+i(j + i)(g - j) + 7M,,(M - + J + 1 - M) = 0, J = 0, M - 1. (4.1) 



This is the third (and by far the most general) situation in which we encounter these 
equations. They are formally equivalent to the ones that we considered in the Intro- 
duction and Section [H If g ^ {0, 1, M - 1} or q' ^ {0, 1, M - 1}, then flO) 
determines 7M,j up to scale: 



i=j i=M—j 

4.2 Ricci corrected derivatives 

In this section we will formally define the (weighted) M-th order bilinear differential 
pairing r(VA) x r(iy,^) — > r(£'^) that is induced by the mapping $ described above. 

4.2.1 Formal definition of the pairing 

Using the full first jet-bundle J^V rather than the weighted first order jet-bundle J^^V 
of an associated vector bundle V, we can inductively construct the semi-holonomic 
jet bundle J'^V. This is the next definition. 

Definition 19. Let V be a p-module. The k-th order semi-holonomic jet prolongation 
J^V is defined inductively as follows: J^V = J^V the usual first jet prolongation. The 
k-th order semi-holonomic jet prolongation J'^V is defined to be the subbundle of 
ji^jfe-iy-j -^j-^gj-g ^j-^g t-\yo canonical maps to J^( J'^~^V) coincide. The associated bundle 
J'^V = G Xp J'^V is the k-th order semi-holonomic jet bundle. Moreover the iterated 
invariant differential 

T{V) 3 s ^ fs = (s, V^s, (V")'=s) G r( JV) 



defines an embedding of J'^V in J'^V. 
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Remark 

The fact that the iterated invariant differential takes P-equivariant sections to P equiv- 
ariant sections can be checked by an inductive procedure based on the calculations in 
Lemma [6l see \57\ . 

Remark 

A Weyl structure a : Qq ^ Q induces an isomorphism between filtered and graded 
vector bundles and hence an isomorphism cr^ : grA — >^ ^ as detailed in 12. 3.31 Thus, fol- 
lowing [12] , one can use the fundamental derivative to define the first Ricci-corrected 
derivative 

for X G TAi and s a section of an arbitrary associated bundle V. The higher order 
Ricci-corrected derivatives are defined analogously, using the Weyl connection to define 
an isomorphism between the semi-holonomic jet bundle J'^V and the associated graded 
bundle grJ^V. Under this isomorphism j'^s is mapped to j^s with components denoted 
by D^^Xs e &T*M ® V, for j = 0, k. A pairing (differential operator) can then be 
constructed by a simple projection from the graded vector bundle and it is invariant 
if and only if the projection of the image of the action of p+ vanishes, exactly as 
described above. The following lemma relates the Ricci-corrected derivative to the 
Weyl connection 

Dxs = cTyD^Vy^-^), 
where ay '■ grV — is the isomorphism induced by the choice of Weyl structure. 

Lemma 12. 

where is a T*M.-valued one form on M. and the bullet denotes the action ofT*M. 
on V induced by the action o/p+ on V. 

Proof. This lemma is taken from [12], Proposition 4.2. Together with Appendix A 
in |T2], this proposition also contains the proof that D is the Weyl connection that is 
induced by a*uJo and that is the Rho-tensor induced by a*u!+. □ 

Construction of the pairings 

The formal construction of the pairing is carried out in several steps: we take a section 
s e ^{V\), map it via the iterated invariant differential to j^^s G J^Vx, use the Weyl 
connection to map it to j^s = {s, D^^^s, D^'^^^s) G gr.J^^Vx and then project onto 
grJ^^Vx- The same is done for t G T(Wy). Then we can tensor s and j^t together 
and project onto grJ^iVx, W^). Using <l> as defined above ensures that the procedure is 
independent of the choice of Weyl structure involved. Note that the obvious projection 
J^^V J^^Y is a p-module homomorphism. 
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4.2.2 Explicit formulae 

In order to write down explicit formulae in terms of a Weyl connection, we can use 
the Ricci-corrected derivatives as in [12], where a recurrence formula for D^^^ of j^s = 
is given. In the following V denotes a choice of Weyl connection and 
T>k denotes the fc-th Ricci-corrected derivative. Moreover F = — with as 
in Lemma [121 More precisely, we write down a symbolic formula where all indices are 
suppressed. To obtain an actual formula, one has to include all indices and combine 
them as prescribed by the projection $. The recursion formula from [12], Theorem 6.2, 
takes the form 

VkS = VVk-iS + ik~l){q-k + 2)TVk-2S 
for s G T{Vx), Vj = TTA^, o and q = -B{X + p, a^) - 1. This yields 

VqS = s 

Vis = Vs 

V2S = V^s + qTs 

V^s = V^s + 2(g-l)rVs + gV(rs) 

V4S = VS + gV2(rs) + 2(g-l)V(rVs) + 3(g-2)rV^s + 3(g-2)gr2s 

V5S = VS + gV^(rs) + 2(g-l)V^(rVs) + 3(g-2)V(rV^s) + 3(g-2)gV(r2s) 

+4(g - 3)rV^s + 4g(g - 3)rV(rs) + 8(g - 3)(g - l)T^Vs 
Ves = V^s + qV\Ts) + 2{q-l)V^{TVs) + 3{q-2)V\TV^s) + 3{q-2)qV\Th) 

+4(g - 3)V(rV^s) + Aq{q - 3)V(rV(rs)) + 8{q - 3)(g - l)V(r2Vs) 

+5(g - 4)rV^s + 5(g - 4:)qTV^iTs) + 10{q - 4)(g - l)rV(rVs) 

+15(g - 4)(g - 2)rV^s + 15(g - 4)(g - 2)qT^s. 

Putting g = j — 1 in Vj yields the formulae as in [12] . 
Remark 

With the right scaling, F is the Rho-tensor in conformal geometry or the Schouten 
tensor in projective geometry. It is easy to determine what is the tensor F in the various 
geometries. One just has to write down the simplest invariant differential operator of 
order two (for example when acting on weighted functions) and compute the curvature 
correction term. The general form will be V^s + Ts, where T is some tensor. Then it 
follows from the above discussion that T = F. We will demonstrate this for our usual 
three examples (and refer the reader to Chapter [6] for the specific notations): 

1. In projective geometry, the differential operator 

£{l) ^ f (,,)(!) 

/ ^ ^a'^bf + Pabf 

is invariant, where Pat is the Schouten tensor to be defined in Chapter [61 Hence 

r = Pab- 
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2. In conformal geometry in n dimensions, the differential operator 

f ^ VaVkf--gabV''VJ+{Pab--9abP%)f 

n n 
is invariant, where Pah is the Rho-tensor to be defined in Chapter El Hence 

r = Pab. 

3. In CR geometry, the differential operator 

S{w,l) f("^)(w-2,-l) 

is invariant, where Aap is the pseudohermitian torsion tensor to be defined in 
Chapter [61 Hence F = —iA"^ (for complex conjugate operators including deriva- 
tives Va the right tensor is iAap). 



Remark 

It is quite easy to write down a general formula. has 



k- j 
J 



curvature correction terms. Each term is determined by a sequence of i V's and j F's, 
so that i + 2j = k, in a precise order. This looks like this: 



so that the F's are in position ii, {j = Si + ... + Sr) counting from the right and 
counting each F twice (taking the leftmost position of each F as im)- Then the constant 
is in front of this term is: 

j 

Y[{im-l){q-im + '2). (4.2) 

m=l 

Note that this formula is purely algebraic. One can use the Leibniz rule to rearrange 
terms, but this only leads to a more complicated expression. 

Examples 1 

1. The term 

VFVFs, 

that occurs in Vqs, has ii = 2 and ^2 = 5, so that the constant is given by 4g(g— 3). 
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2. 

rvr^Vs 

occurs in V^s and has ii = 3, ^2 = 5 and = 8, so the constant is given by 
56(g — l){q — S){q — 6). The invariant operator corresponding to q — 7 has a 
correction term, where this term appears with constant 56 x6x4x1 = 1344. 

Examples 2 

Let us write down the full formula for second and third order pairings: 
1. 

V\s,t) = q{q-l)s{V2t)-2{q-l){q'-l){V,t){V,s)+q'{q'-l){V2s)t 
= qiq - l)siVh + q'Tt) - 2{q - l){q' - l)(Vt)(Vs) 

+q'{q -l){V^s + qTs)t 
= q{q - l)s{VH) - 2{q - l){q' - l)(Vt)(V.) + q'{q' - l){Vh)t 

+qq'{q + q' - 2)str 

2. 

V'{s,t) = q{q-l){q-2)s{V,t)--i{q-l){q~2){q' -2){V,s){V^t) 

+3(g - 2){q' - l)(g' - 2){V^s){V,t) - q'{q' - - 2){V^s)t 
= q{.q - - 2)s{yH + 2(g' - l)VVt + q'VVt) 
-3{q -l){q- 2){q' - 2){Vs){VH + q'Tt) 
+3{q - 2){q' - l){q' - 2){V^s + qrs){Vt) 

-q'{q' - - 2)(v^s + 2{q - i)rvs + qVTs)t 

= q{q - l)(g - 2)s{VH) - 3(g -l){q- 2)(q' - 2)(Vs)(VH) 
+3(g - 2)(g' - l){q' - 2)(V^s)(Vi) - q'iq' - l){q' - 2){Vh)t 

+q{q - 2)(g' - l){2q + Sq' - 8)srvt 

-q'(q' - 2)(g - l){Sq + 2q' - 8)trVs 

+qq'(q - - 2)sVn - qq'(q' - l)(q' - 2)tvrs. 

To summerize, we have shown: 

Theorem 7 (Main result 3). Let Yx and be two irreducible p-modules and let a 
and j3 be two extremal roots so that\+ja and v + jf3 are p- dominant for j = 1,...,M. 
Furthermore let C ® Va ® Wj^ be an irreducible component of multiplicity one 

that lies in 

forj^O,...,M. If 



-S(A + p,a^)-l^{0,l,...,M-l} 
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or 

q' = -BiX + p,a'')-l^ {0, 1, .., M - 1}, 
then there exists a weighted M-th order invariant bilinear differential pairing 

V"' : r(VA) X T{W,) -> T{E^) 

and this pairing is given by 

j=0 V i / j=j i=M-j 

where Vj is defined as above. If q G {0, 1, M — 1}, then the linear differential operator 
s (-^ "Dq+is is invariant. The analogous statement holds for q' . 

4.3 Examples and scope of the construction 

4.3.1 Examples 

(a) We can always choose a = P = —ai, z G /, as extremal roots and take fi = 
X + u — Mai. The pairings thus constructed are the curved analogues of the 
pairings described in Theorem HI 

(b) Let Va be an irreducible p-module and let a be an extremal root that lies in the 
same Weyl orbit as —at, i E I. Assume that X+ja is p dominant for j = 1, M, 
but that q = —B{X + p,a^) — 1 ^ {0,1,. ..,M — 1}. Then there is a unique 
irreducible component E^+A/a in ®*^0i ® Va, see Remark [4. 1.21 Furthermore let 

be a one dimensional representation that is given by a character in 3(00)* and 
a trivial representation of Aq , i.e. sections of are weighted functions. Then 
Ea+mq+i^ satisfies the requirements of Theorem [7] with /3 = —ai and we can define 
an invariant bilinear differential pairing 

(c) Projective geometry in n dimensions: for every A; > 0, there exists an invariant 

bilinear differential pairing 

given by 

.111(^ + ^ + 2^-1-^) n («^-0(Vn...V.^.r--^'=)(V,,^,,,...V.J) 

j=0 \ J / j=j i=k-j 

+ C.C.T. 

The curvature correction terms (C.C.T.) are given by the combinatorial for- 
mula fl4.2p . where V = Pah is the Schouten tensor. 
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(d) Conformal geometry in n-dimensions: there exists a k-th order invariant bilinear 
differential pairing 

given by 

E(-l)'( . 11(^ + ^ + 2^-2-^) n (t.-^)(V.,...V.,r--'=)(V.,,,,...V.J) 
i=o ^ ^ i=j i=k-j 

+ C.C.T. 

The formula for each curvature correction term of 'DjV and T>M-jf is given by 
the combinatorial formula (14. 2p . where F = Paj, is the Rho-tensor. 

(e) CR geometry in dimension 2n + 1: there exists an invariant bilinear differential 

pairing 

S{aia2...ak){w,w') X £{v,v') ^ £{v' + w') 

for every A; > given by 

■ jn(^' + ^ + ^-l-^) n (^'-0(V°\..V°^t;«,..„J(V"^+^..V"'=/) 

j=0 \ 3 / j=fc-j 

+ C.C.T. 

The curvature correction terms are again given by the combinatorial formula (14. 2p . 
where F = —iA°'^ is the pseudohermitian torsion tensor. 

4.3.2 Scope of the constructuion 

The symbols of the differential pairings described above are linear combinations of terms 
VjS ® T>M-jt and the operators PjS are invariant if q = i — 1 (for Vit the analogous 
statement holds). These operators are all standard, but do not inculde every standard 
operator. But in certain cases, like conformal geometry in even dimensions, all standard 
differential operators are of this type. In the Appendix, we have written down the BGG 
sequence for our standard three examples of projective, conformal and CR geometry. 
Those BGG sequences clearly show which operators are constructed with this method 
and which are not. For more exotic geometric structures the reader is advised to 
consult [T2] . 

Remark 

The fact that the linear equations (14.11) that we had to solve in this chapter are ex- 
actly the ones that had to be solved in the Introduction when we dealt with invariant 
bilinear differential pairings on the Riemann sphere can be understood as follows: in 
the homogeneous case invariant differential operators on G/B, where B is the Borel 



4.3. EXAMPLES AND SCOPE OF THE CONSTRUCTION 



93 



subgroup, give rise to invariant differential operators on G/P via direct images. The 
same is true for invariant differential pairings. Let us demonstrate this for compactified 
complexified Minkowski space A4 = • x *. There is a double fibration 

X X X 
X • X • X • 

where x x x = G/B. The maps /i and u commute with the action of G, so in particular 
the fibres of /i, which are isomorphic to the Riemann sphere x, are permuted by G. 
Hence an invariant differential pairing on x gives rise to an invariant differential pairing 
on G/B. Then one can use the fact that direct images of line bundles on G/B are vector 
bundles on G/P, see |3]. Which direct images to take is determined by the extremal 
roots a, (3. More precisely, let A be a dominant integral weight for p and let 9 be an 
extremal root with w{—ai) = 6, w E W. Moreover let w.k = A, then 

B{K,a^) = B{w-\X,a^) 

= B{w-\X + p),a:/)-l 
= B{\ + p,w{aiy)-l 
= -5(A + p,^^)-l 
= Q- 

This implies that q is the number over the node corresponding to in the Dynkin 
diagram notation for k. k induces a line bundle V^, on G/B whose /(w)-th direct image 
^i{w)^^^ is Va, the vector bundle over G/P induced by Va- 
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Chapter 5 

Higher order pairings 2 



This chapter deals with general higher order bilinear invariant differential pairings. 
The strategy employed is to define a linear invariant differential operator that includes 
an arbitrary irreducible associated bundle in some other associated bundle, called M- 
bundle (which is in fact a tractor bundle, see [3l], p. 7), that encodes all the possible 
differential operators up to order M emanating from this bundle. We will then tensor 
two of those M-bundles together and project onto irreducible components. First of all, 
we have to define the M-bundles: 

5.1 The M- module 
5.1.1 Formal definition 

Throughout this section, we will write s for a vector (si, s^g) G M'". 

We will define a representation Vm(IE°) of that is induced from a finite dimensional 
irreducible representation E° of 0q in the following way: (f)'^)* can be considered as a 
subspace of f)* in such a way that {a^lj-gj are the simple roots of 0q with corresponding 
fundamental weights {cjjjjgj. The highest weight Aq of (E°)* can then be written as 
^jajUj with aj > 0. Vm(E°) is then defined to be the finite dimensional 
irreducible representation of q which is dual to the representation of highest weight 

A = Y,M^u;, + Xo e r, 

where M = (M,^, Mj;^) G N'". In the Dynkin diagram notation this is easily de- 
scribed. There are /q nodes in the Dynkin diagram for g which denote the simple roots 
ai, i E I. If we erase those nodes and adjacent edges, we obtain the Dynkin diagram 
for 0Q . An irreducible representation E° of Qq is denoted by writing non-negative inte- 
gers over the nodes of this new diagram corresponding to the highest weight of (E°)*. 
VmIE") is then denoted by writing those numbers over the uncrossed nodes and Mj 
over the node that corresponds to a^, z G /, in the Dynkin diagram for g. 
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Example 

For CR geometry, the Lie algebra of interest is g = s[„+2C with Qq = s[„C. For every 
representation 

ai a2 O-n-2 O-n-l 
E = • — • ... • • 

of 0Q and constants Mi, M2 > we define 

/-n^riN Ml ai 02 a,n-i Ah 

a representation of q. 

Lemma 13. Vm(IE°) has a composition series 

Vm(E°) = Vo + Vi + ...+VAr 

as a p-module, so that QjYi C V^+j and Vq = EP as a QQ-module. 

Proof. As a highest weight module, Vm(1E°)* is a direct sum of its weight spaces and 
every weight has the form A — Yll=i^i'^i with fcj G N (see Theorem 20.2). Let 
A (A) be the set of all weights of Vm(IE°)* and define 



N = max^eA{A) \ ■ ;^ = A - fcf c 



i€l i=l 

For every element v in the weight space of weight /i and every X G 0o, the element Xv 
lies in the weight space of weight fj, + a. This observation allows us to define a filtration 
by p submodules 

C (V°)* C (V^)* C ■ ■ ■ C (V^)* = Vm(E)*, 
where (V")* is defined to be the sum of all weight spaces whose weight is of the form 

A — kjUj — kitti with ki < m. 

The sub-quotients Vj^ = (Y"^)* / (Y"^^^)* give rise to a composition series 

Vm(E°)* = V^ + ... + V*, 



whose dual 

Vm(E°) = Vo + Vi + ...+VAr 

is the desired composition series. 

Let us examine those sub-quotients further: for m = 0, 1,...,A^, is defined to 
consist of those weight spaces of Ym_(¥P)* whose weight is of the form 

A — kjOj — kiai with k^ = m. 
jeJ iei i&i 
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The action of maps V*^^ to V*. Dually we obtain a mapping : Vj ^i+j 
as desired. This also shows that the composition series can alternatively be looked 
at as a decomposition into go-^iodules and since go is reductive (and 3 (go) C f) acts 
diagonalizably) , every Vj decomposes into irreducible components. 

Finally one can observe that Vo has acquired the structure of a p-module by being 
the unique irreducible quotient of Ym_(EP). Therefore it is dual to a representation of 
highest weight A. In particular, Vo is isomorphic to EP as a go-module. □ 

From now on we will write V instead of Vm(E°) assuming that M and E° are fixed. 
Note that we consider WP as a go-module via the isomorphism Vo = E^. 



5.1.2 Lie algebra cohomology 

There is a standard complex of go-modules associated to a finite dimensional irreducible 
g-module V: 

O^V^p+OV^ A^p+ ® V A 

where we can identify A^p+ ® V = Hom(A^g_, V) and therefore write the differential d 
as 

p 

d<P{Xo,...,Xp) = 5^(-irX,.0(Xo,...,X„...,Xp) 

i=0 

+ ^(-ir+^0([X,,X,],Xo,...,X„...,X,,...,X„), 

i<j 

for Xi G g_ (the hat denotes the element which is left out). One can check that = 0, 
see jl6], Proposition 4.1, which allows us to define 

^ ^ ker d : APp+ ® V ^ A^^+^p^ V 

~ im9: AP-ip+®V^ APp+®V 

In j45] Kostant provides an algorithm to compute these cohomology groups in terms of 
the Hasse diagram associated to p. 

Theorem 8 (Kostant). Let ¥ be the dual of a finite dimensional irreducible g-module 
of highest weight A. Then as go-modules 



ui.A; 



l{w)=p 



where E^^.a denotes the dual of the representation of highest weight w.X. 

Proof. This theorem was originally proved in 01] and formulated in a suitable way for 
our purposes in [2j. □ 
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Corollary 7. In the situation described above, we have 

//°(0_,V)=E° and //^(0_,V) = 0®^^+Vi®E°, 

where @ denotes the Cartan product. 

Proof. The first statement is true in general and obvious. The second statement follows 
from the fact that the elements of length one in the Hasse diagram are exactly those 
simple reflections that correspond to the simple roots ctj, i e / and {q\Y has highest 
weight — aj. Then we compute 

cci.A = A - (Mi + l)ai 

and note that this is exactly the highest weight of the dual representation given by 

(EO)*®®*^>+i(0l)*. □ 

Let us have a closer look at the differential d. Since it is a go module homomorphism 
it preserves the grading and so we must have 

fco 



where we set V; = for / < 0. The kernel of the first differential is E*^, so the mapping 
9 : Vj — > 0^1^ 0j ® Vj_j is injective for all i > 1. The cohomology of the second 
differential is 

©^^^-^si ® E° 

with 

fco 

®^^+isi ® E° c 0,- ® Vm,+i-,- 

and all those have multiplicity one. Schematically this looks hke 

V = Vo + Vi + V2 + V3 + ••• 

di d/ d/ d/ 



Vi 


+ 


V2 












01 V2 


01 Vi 




© 


e 


+ 


02 ® Vi 


02 ® Vo 




e 









V = 01 ® Vo + e + 02 ® Vi + 



d\ d/ d/ 

01 A 02 ® Vo 

A2p+ (g) V = A201 (g) Vo + e + 



A201 (g) Vi 
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Weighted gradings 

Before we proceed let us give an inductive construction of ilp(p+) as defined in I2.1.1[ 

(1) ilo(p+)=C 

(2) ili(p+)=gi 
(3) 

/ gi®iii(p+) \ 

MP+) ={ © /J2, 
\ g2®Ho(p+) / 

where 

J2 = {X®Y-Y®X-[X,Y] : X,Y e gi}. 



where 



J,= lx0Yu-Y0Xu~[X,Y]0u : ^ ^ fl., FGfl « G (p+) 1 

The construction for g_ is exactly analogous with all integers being negative. We will 
also need some notation for the grading of A^g_ which is given by 

j<-i 

with 

p+q=j 

see |65], 2.4. Schematically this looks like 

A 0-3 0-1 A 0-4 

+... + A2g-fco . 




Proposition 7. VKe /iai'e an isomorphism 

Vi^ili(p+)®E° 
/or alio <i < minig7{M;}. Moreover Yj C ilj(p+) IE° /or a// j. 
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Proof. We will prove this proposition by induction. The case i = is trivial. Let us 
assume that the proposition is true for all integers smaller than i. Then we can use the 
induction hypothesis to construct the following commutative diagram. 

V. e"!^Hom(0,,V,+,) e-'!"2Hom(A20„,V,+,) 



id 



We can make this diagram commute by setting 



{L{(f)))j{X ® m) = M°.0j(X) for X ® M G 0j ® 

{t{\))i{X AY^u) = u^'.XiiX AY) foiX AY ^ueAU-®^-{^+^)i&-)^ 

id(P)i{X AY) = X.^Y) - Y4,{X) - Y\) for X A F G A C Afg. 

and 

{d^)i{X AY ®u) = MX (g)Yu) -ipsiY (^Xu) -tlJi{[X,Y]®u) 

for X A F ® u G A 0s ® il_(j4.i)(g_) C AfQ_ ® It is straightforward to 

check that 

d o Lcf) = T o d(j). 

Note that (Xm)° = — m°X for all u G it(0_) and X G 0_. Corollary [7] shows that the 
sequence 

-fco -2ko 

^ V, ^ Hom(0,, V,+,) ^ Hom(A2g_, V,;+0 

j=-l l=-2 

is exact for i < minjg/{Mj}. Then we can use the description of ili(p+) from above to 
deduce that for i < minjg/{Mj} 

V, ^ ker 9 ^ Hom(il_,(0_), Vo) = ili(p+) ® E°. 

The second statement follows from the fact that 

-ko 

V, ^ im 9 : V, Hom(0,, V,+,) 

—ko -2ko 

C ker 9 : Hom(g„ V,+,) ^ Hom(A20„, V,+z) 

j=-l l=-2 

for all i> 1. □ 
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5.1.3 Tensor products 

The next step is to look at a tensor product Vm(IE°) ® VmIIF") and decompose it into 
irreducible g-modules that themselves will have a composition series as p-modules. The 
composition factors of all the irreducible components will then make up the composition 
factors of the tensor product. 

We will use the following colloquialism: if 

V = Vo + ...+Vfe + ... + Vjv 

is the composition series of a g-module, then we will refer to elements in as lying in 
the k-ih slot. 

Remcirk 

Let A and Aq be defined as above and define Vm(IF°) analogously with highest weights 
E and ctq of Vm_(F°)* and (F°)* respectively. All irreducible components in the k-th slot 
of Vm(E°) (g) Vm(F°) are dual to modules with a highest weight of the form 

/X = A + E - ^ kitti - ^ kjaj, 

with ki = k and /cj, kj > 0. Thus the number over the / 9 i^-th node, s — 1, Iq, 
(which is crossed through) will be 

iei jeJ 

I 

= 2Mi^-2ki^- 5^ krB{ar,al) 

Proposition 8. Let E° and F° he two irreducible representations of Qq. If we have 
k < M = minjg/{Mj}, then for every irreducible component H of iik{p+) (g) E° F° 
there is a (p-module) projection 

Vm(E°) Vm(F°) ^ H. 

Proof. Schematically, we have the following situation 

Vm(E°) = E° + E° + il2(p+) E° + ... 

and 

Vm(FO) = F0+ili(p+)®F°+il2(p+)®F° + ... . 
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Now the tensor product looks like 



© 

ili(p+) OEO^F' 



E0®il2(p+)®F0 

© 

+ Hi(p+) ©EO©ili(p+) ©FO +... . 

© 

il2(p+)©E0©F0 



Every irreducible component G of E°©F° (as -modules) corresponds to an irreducible 
component U of Va/IE*^) ®Ym_{¥^) that has a composition series that starts with G and 
then continues with ili(p+) © G + il2(p+) © G + .... We will say that the composition 
series is predictable up to the x-th slot, if Uj = iij(p+) ©G for all j < x, as gg -modules. 
Using Proposition [7] we know that U composes predictably up to the x-th slot if the 
minimum of the numbers over the crossed through nodes in G is x. 

Removing all those composition factors that correspond to irreducible components 
of EP © F" from the composition series of the two g-modules leaves nothing in the 
zeroth slot, exactly one copy of E° © ili(p+) © F° in the first slot, one copy of each 
lli(p+) © E° © ili(p+) © F° and il2(p+) © E° © F° in the second slot and so forth. 
Therefore the next irreducible components of Vm(IE°) © VmIIF") all have a composition 
series that starts with an irreducible component of E*^ © ili(p+) © F". Removing the 
corresponding composition factors again leaves nothing in the first two slots, exactly 
one copy of il2(p+) © E° © F" in the second slot and so forth. So the next irreducible 
components of the g-module tensor product have a composition series that starts with 
an irreducible component of the 0q -module tensor product ii2(p+) © E° © F°. All this 
goes well as long as all the compositions series are predictable. This is the case exactly 
up to the M-th slot. 

The remark above ensures that in the k < M-th slot of Vm(E*') © Vm(IF'^) the lowest 
number over the I 3 ig-th node, s = l,...,lo, (which is crossed through) is bigger or 
equal to 2(Mj^ — k). Some of the factors in here correspond to irreducible components 
of Vm(E°) © Va£(F°) as g-representations that themselves decompose according to plan 
up to the 2(Mj^ — k)th slot, which corresponds in the big composition series to the 
2Mj^ — k-th slot. Therefore the predicted decomposition is alright up to /c = M. There 
could be (and in general this happens) more composition factors of Vj\/(E°) © Vm(IF°), 
but those correspond to higher order pairings. 

Note that H is defined to be the first composition factor of a composition series and 
hence acquires the structure of a p-module. □ 



Each of the g-modules and p modules considered above induces an associated vector 
bundle on our manifold Ai. These may be tensored by a line bundle that is induced 
by the irreducible representation which is dual to the one dimensional representation 
of 3(So) with highest weight J^ieii^i ~ Dynkin diagram notation this 

corresponds to having fcj — Mj over the I 3 i-ih node (which is crossed through) and 



Remark 
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zeros over the uncrossed nodes. Tensoring with this representation does not change the 
overall structure of the composition series. It just changes the character by which 3(00) 
acts. Let us denote this representation and the associated bundle by 0{k — M) and 
denote the tensor product of an arbitrary representation U with this representation by 
U(fc -M). 

The p module Vo(^ ~ M.) is dual to a representation of highest weight 

kiUi + ^ QjUj 

and by choosing E*^ and correctly, we can write every finite dimensional irre- 

ducible p-module E as E = Vo(^ - M) of some module Vm(E°)(^ - M). The idea is 
now to define invariant linear differential splitting operators 

E Vm(E°)(^ - M) and F - M). 

Once we have such splitting operators, we can tensor 

Vm (E°) {k-M)® Vm(F°) (/ - M) 

together and project onto the first composition factor of every irreducible component. 
This is clearly an invariant bilinear differential pairing between sections of E and F. 

5.2 The splitting operator 

In this section we will define splitting operators 

E ^VM{^^){k-M) 
for an arbitrary irreducible finite dimensional p-module E = Vo(^ ~ M) ■ 

5.2.1 Higher order curved Casimir operators 

This subsection introduces splitting operators for general curved parabolic geometries. 
These splitting operators are defined with the help of general invariant operators, the 
higher order curved Casimir operators. These operators are a generalization of the 
curved Casimir operator introduced by A. Cap and V. Soucek in [21j. Throughout this 
section we will implicitly assume that g is a classical simple Lie algebra Ai, Bi,Ci, Di 
or G2. 

Definition 20. Let g be a simple Lie algebra of rank / with basis {X^}. The Lie 
algebra is determined by the structure equation 



[X^, X^] - C^^Xx- 
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Following [52j, we will call a set S* = {5*^} in T(g) a vector operator, if 

Let 

g^^ = tr(ad(X^) o ad(X^)) 

be the Killing form with inverse g^'^. Fix a reference representation (j) : q dK^) 
define 

and 

^Mi-Mp = tr((/)(X^i) o ■ . . o (f){Xf'^)), 
where X^^ = g'^'^X^. Then we define elements in T{q) by 

j^ip) = (^^i-^^X^^ ®...®X^^ and 

L/emma zs a vector operator and K^^'^ is an element in Z(g), the 

center ofT{g). 

Proof. Using the cyclic property of the trace operator, it is easy to see that 

= f;tr(0(X^Jo...o0(X^^_Jo0([X„X^J)o0(X^^,^Jo...o0(X^J) 

i=i 
p 

= E c^;,xmx,,) 0...0 0(x^^._ J o 0(x,) o 0(x^^.^j o . . . o 0(x^j) 



p 

~ C'^jj,5'Ml-..K7-lV7 + l---/^p- 

i=i 

In other words 

p 

(7KAti...Atj_iA/ij+i.../ip Cuk9\h\...^Ip- 

The same equation holds for the adjoint representation, i.e. 
This yields 



[x,,x^] = r^c^,x, = -ci:,x\ 
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Then we compute 

p 

i=i 

p 

_ q(p) 

This proves the first claim. The second claim follows immediately from the fact that 
so 

[X,,K^P^'^] = [X,,X^]®5f +X^® [X,,5f] 

= -ci;^x^ ® s^^^ + x^ ® c:,s^^^ 

= 0. 

□ 



Example 1 

If is simple, we can take A = g and the adjoint representation as our reference 
representation. Any other choice of representation would lead to g^i^2 = ^9pi.iiJ.2 
some non-zero constant C, see [52]. For s[2C with standard basis {x,h,y) and the 
standard representation on we obtain 



and hence K^'^^ = x®y + \h®h + y®x. The usual Casimir operator, see [40], can be 
computed by projecting c = g^^^'^X^^ ® X^^ onto c G For s[2C one easily obtains 



9fj.u 



and hence c = <^ y + ® h + ® x. This yields c = ^xy + — ^h. 
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Example 2 

In order to obtain a non-trivial example, one has to go through a rather lengthly 
calculation. So the patient reader is kindly asked to bear with us for a while (while the 
impatient reader may skip this part): 
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We will explicitly compute the element K^^^ for si^C and see how it acts on a gen- 
eralized Verma module Mp{W\) of highest weight A G ()*. Firstly, we take a basis 



hi 
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yi 
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of sis C and compute 
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Thus the dual basis to 



{/ii,/i2,a;i,a;2, 2/1, 2/2, 2:1,2:2} 



IS 



1 

18 



{2hi + /i2, hi + 2/i2, 32/1, 32/2, 3x1, 3x2, 32^2, 32;i}. 



Now we compute g^^^ with respect to the standard representation. The only non-zero 
elements in Qjj^^^ are 



9112 = 1 

= 1 



^7122 — —1 9l35 — 1 9U() 

= -1 fi'221 = -1 9246 = 1 



9121 = 1 

9i7s = 1 9211 = 1 9212 

9264 — —1 9287 — —1 9315 — "1 9325 — 1 

9426 — —1 9461 — —1 9462 — 1 9483 — 1 

fl'532 = 1 9576 = 1 ^7614 = " 1 ^7624 = 1 

5*728 = — 1 5765 = 1 5781 = 1 5817 = 1 



= -1 5153 = -1 
5*253 = 1 
5*351 = 1 
5*531 = -1 

5657 = 1 
5872 = — 1- 



5*348 = 1 
5*513 = 1 
5642 = -1 
5834 = 1 
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This allows us to compute 18K^^^ to be 

{2hi + hi) ® {2hi + hi) ® {hi + 2/12) + {2hi + hi) {hi + 2/12) ® (2/ii + /i2) 

-(2/ii + hi) ® (/ii + 2hi) ® (/ii + 2/12) 
+ {2hi + hi) ® 3i/i ® 3x1 - (2/ii + hi) ® 81/2 ® 3^2 - {2hi + /i2) ® 3.ti ® 3yi 
+ (2/ii + hi) (g) 3^2 ® 3zi + {hi + 2/12) ® {2hi + /i2) ® (2/ii + hi) 
-{hi + 2hi) (8) {2hi + hi) ® {hi + 2hi) - {hi + 2hi) ® {hi + 2hi) ® {2hi + hi) 
+{hi + 2hi) (8) 3yi ® 8x2 + {h + 2hi) ® 8x1 (g) 82/1 
-{hi + 2/i2) ® 3x2 ® 3|/2 - (/ii + 2hi) ® 82:1 ® 82:2 - 3|/i ® (2/ii + hi) 8x1 

+81/1 ® {hi + 2hi) ® 3xi + 3yi ® 81/2 ® 3zi + 8|/i ® 3xi ® (2/ii + /i2) 
-8|/2 ® (/ii + 2/12) ® 8x2 - 3^/2 ® 3x2 ® (2/ii + /i2) + 3|/2 ® 3x2 ® (/ii + 2hi) 
+3yi (8) 8^1 (8) 8yi + 8x1 {2hi + hi) ® 3|/i - 8x1 (8) 8|/i {2hi + hi) 
+8x1 (8) 8^1 (8) (/ii + 2/12) + 3xi (8) 8^2 (8) 8x2 — 8x2 <8) (2/ii + hi) (8) 8^2 
+3x2 ® (/^i + 2/12) ® Syi - 3x2 ® 3|/2 ® (/ii + 2/^2) + 8x2 ® 3,xi ® 82:2 
-3^2 O (/^i + 2/12) O 82:1 + 82:2 O 3x2 (g) 3xi + 82:2 (g) 82:1 (g) (2/ii + hi) 
+3zi (g) (2/ii + hi) (g) 82:2 + 82:1 (g) 3|/i (g) 3|/2 — 82:1 (g) 82:2 (g) (/ii + 2hi) 



6hi (gi /ii (g) /ii — 6/12 ® hi® hi 
+3hi (g) /ii (g) /?.2 + 3hi (g) hi ®hi + 3hi ® hi ® hi 
—3hi (g) /ii (g) hi — 3hi ®hi®hi — 3hi ® hi® hi 
+ 18/ii (g) 1/1 (g) xi - 9hi (g) 1/2 ® X2 - 9/11 (g) xi (g) 1/1 - 9hi (g) X2 ® 2/2 
-18/i2 <8) 3:^2 (H) 2/2 + 9/i2 <8) 2/2 ® 2^2 + 9/i2 (8) a^i (8) yi + 9/i2 <8) 2/i <8) a^i 
+18/ii (8) 2^2 <8) -^1 — 18/i2 (8) -^1 (8) -2^2 + 9/12 <S) Zi <S> Zi — 9hi i® Zi<S> Zi 
-9yi (g) hi (g) xi + Qi/i (g) /i2 (g) xi 
+ I82/1 (g) xi (g) /ii + Qyi (g) xi (g) /i2 + 271/1 (g) 2/2 (g) -21 
-I82/2 (g) /i2 ® a;2 + 92/2 ®Xi®hi- 9yi ®hi®Xi 
-92/2 <g) X2 <g) /ii + 272/2 (g) -21 (g) 2/1 
+18xi (g) /ii (g) 2/1 + 9xi (g) 2/1 ® ^2 
— 9xi (g) 2/1 ® ^1 + 9^1 (g) ^''2 ® 2/1 + 27xi (g) ^2 ® 2:2 

-9X2 (g) /il (g) 2/2 + 9X2 (g) /i2 fg) 2/2 

-18x2 ®yi®hi- 9x2 ® 2/2 ® /ii + 27x2 ® xi (g) 2:2 
— 92;2 (8) /ii (g) 2;i — 18^2 (g /i2 <H) -^i + 182:2 ® Zi®hi 

+9zi ® Zi® hi + 21 Zi ®Xi ®Xi 
^9zi ®hi®Zi \ 18^1 ®hi®Zi — 182:1 ® Zi®hi 

—9zi ® Zi® hi + 21zi ®yi® 2/2- 

Then we use the canonical mapping tt : T(sl3C) — > il(5l3C) to compute the 
sponding element in the universal enveloping algebra. 



^g^,^(3). _ - + 9/i?/i2 - 9hlhi - hAhl - 27hihi - 54/ii - 108/i2 
—27hiZiZi + 27hiZiZi + 812:2X1X2 + 27/ii2/iXi + 5AhiyiXi 
-54/ii2/2X2 - 27hiyiXi + 812/12/2^1 - I622/2X2 - SlZiZi. 



108 



CHAPTER 5. HIGHER ORDER PAIRINGS 2 



Note that we have used the PBW theorem to arrange the terms in two groups. One 
group consisting of terms that have a raising operator {xi,X2 or zi) to the right and 
another group that consists of terms of elements in f). With this ordering, let us define a 
homomorphism ^ : — > il(t)) that maps each term that does not exclusively consist 
of elements in i) to zero. Under this map, 187r(i^'*^^^) is mapped to 

6hl - 6hl + 9hlh2 - 9hlhi - 54/i^ - 27/ii/i2 - 54/ii - 108/i2. 



Moreover let rj be the homomorphism that maps each hi to hi — 1, then 

18ri{^{7i{K^^^))) = 6hl - 6hl - 27hl - 21hl + 9/i^/i2 - 9hihl - 27/ii/i2 + 81. 

Let us write ip = rj o C,\z{s)- Every element z G in the center of the universal 

enveloping algebra acts on a highest weight module of highest weight A by a scalar 
Xx{^) ^ C, called the central character. It is easy to compute (see |10]) that 



Xx{z) = {X + p){^{z)), hizeZid)- 



Let us write 

hi = Hi — H2, h2 = H2 — H3 

Thus we get 



~9{HfH2 



Q{Hf + HI + HI) 
HfH^ + H2H1 + ifl-ffs + H^Hi + HIH2) 
+3QHiH2H^ 
-27{Hf + Hi + Hi) 
+27{HiH2 + H1H3 + H2H3) 
+81 



As expected, this is a symmetric polynomial of degree 3 in the HiS. Note that the 
Casimir operator of sl^C is given by 



Remark 

More generally, the mapping 

(^:=r/oeU(0):Z(g)^5(f3)^, 

where S{i))^ is the algebra of elements in the symmetric algebra S{i)) that are fixed by 
the Weyl group W, is an isomorphism. For more information about basic generators of 
5(f))^ refer to [Mj- 
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Equivalent formulation 

We can equivalently say that K^'^'^ induces a map 

: ®Pg* ^ R 

by firstly identifying g* with g with the help of the Killing form and then mapping 
a simple element &q 3 Xi ^ ■■■ ® Xp to tr(0(Xi) o ■ ■ ■ o 0(Xp)). This is obviously 
a P-module homomorphism (in fact, it is even a G-module homomorphism) . Since 
there are / non-zero K^'^^\ i = for the classical Lie algebras and G2, see [52] . 

the corresponding B^^^^ are non-zero as well. Apart form the D series, where an extra 
element needs to be defined, see below, the elements ti{K^'^^^) G Z(q), for the canonical 
mapping tt : T(g) ii(g), generate the center of the universal enveloping algebra of g. 



Examples 

1. For Ai we can take 7r(ir(2)), 7r(ir(=')),...,7r(/C('+^)) as the generators of Z{Ai). 

2. For Bi (and C/) we can take 7r(ir(2))^ 7r(ir(4) ),..., 7r(K(20) as the generators of 
Z{Bi) (and Z{Ci)). 

3. For Di we can define another Casimir invariant by 

fc(^) - (_]\Ki+2)/2j_ X (>:)■■■(>>) X 

where e^^...jy; is the completely antisymmetric Levi-Cevita tensor taking the values 
and ±1 and X^j, = —X^^ are the basis elements of Di (/i, u = 1, .., 21). Then the 
elements 'k{K^'^^), 7r(_ft'*^*^)),...,7r(_ft'(^'~^)) and 7r(_ft'(')) are the generators of Z{Di). 

4. For G2 we can take 7r(K^'^^) and n(K^^^) as the generators of Z{G2)- 



These statements can be found in and references therein. Note that in each case 

m = i{A- 

Definition 21. Recall the adjoint tractor bundle A = Q Q and the fundamental 
derivative 

s ^ X^ V^s, 

from ll.3.4[ This operator can be iterated to an invariant differential operator 

DP ■ Oig, Ef ^ OiQ, Ef, 

see Lemma [5l Properties of the fundamental derivative are discussed in [13], 3.1. Using 
the elements B^^^ from l5.2TT| we can define an invariant linear differential operator 

as the composition [B^^ ® id) o 
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Example 

For p = 2 this procedure yields the curved Casimir operator in [2T]. The authors prove 
in this paper that the curved Casimir operator in the flat case is given by 

see I1.3.4I In [2T] the authors prove the following Lemma [TB] and Lemma [12] for p = 2 
via a direct calculation using an adapted local frame for A. 

Lemma 15. Let V be an irreducible representation of P, then C^^ : T(y) ^{V) has 
to act by a constant. 

Proof. Let V and W be associated vector bundles over Ai. An invariant linear differ- 
ential operator D : V ^ W arises via a composition 

D:V ^ ®^A^ ^W, 
where is induced by a P- module homomorphism 

$ : ® V ^ W. 

Now suppose that V = W and V is irreducible. By looking at the action of the grading 
element one deduces that = and Schur's Lemma forces $ to be a constant multiple 
of the identity. □ 

Definition 22. Let z G Z{g) be an arbitrary element in the center of the universal 
enveloping algebra of g. Then z can be written as a polynomial 

z= J2 cii,,„i^-n{K^'^^^Y' ■ ■ ■Tx{K^'^'^Y\ 

where K^'^^\ ...,K^'^'^ are the / non-zero elements of Definition [201 Then we define the 
higher order curved Casimir operator associated to z by 

Lemma 16. //V is irreducible, then Cz acts on T{V) by the constant Xa(-2)j where 
Xx '■ Z{q) ^ C is the central character associated to A G f)*, the highest weight ofY*. 

Proof. Lemma [I5] shows that Cz acts by a constant. We may as well compute this 
constant for the homogeneous model case G/P. For this purpose let us first of all take 
V to be an arbitrary homogeneous bundle. We will prove the lemma for z = 7r(A''^*^), 
the general case then follows from the fact that the central character is an algebra 
homomorphism. An invariant linear differential operator is determined by a P-module 
homomorphism J^V V for some k. Following [TT], we can view J^Y as a subset of 

©to ®' 0* ® V- 
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The P-module homomorphism that corresponds to Cz is given by 

P^'^') ® idv, 
with k = di. Dually we obtain a mapping 

V* ^ Mp(V) 

that is given by 

V* ^ 7r(ir(*)) 0v* = z0v* e il(g) ®u(p) V*. 
Finally, this corresponds to a g- module homomorphism 

Mp(V) ^ Mp(V) 

If V is irreducible, then this action is by definition given by X\{^)- D 
Example 

For the Casimir operator c it is known (JIO!) that 

Xa(c) = ||A + pf - ||pf. 

The constants by which the higher order Casimir operators K^p^^ act on an irreducible 
g-module are computed in [52]. It has to be noted that despite the apparent fractional 
form of the formulae in [52] , these formulae can be proved to be symmetric polynomials 
in the coefficients of A+p, where A can be an arbitrary weight in P)*. For Ai, for example, 
these can be found in [IS]. 

Theorem 9. Let Y be a representation of P with a P-invariant filtration 

V = V° D ■ ■ ■ D D {0}, 

so that each sub-quotient vyv*"'""^ is completely reducible. Let W C Vyv*"^^ be an 
irreducible component whose dual has highest weight A. Moreover, for each j > i, let 
f^j,k for k = 1, ...,nj be the highest weights of the irreducible representations which are 
dual to the irreducible components of /Y^^^ . Suppose that Xfij k Xx for all j,k, 
then there exist elements Zj^k ^ ^(s); such that Xfij ki^j,k) 7^ Xx{^j,k) for all j,k. The 
operator 

j=i+l k=l 

descends to an operator V{W) V{y^) that defines an invariant splitting. 
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Proof. Let a G r{V^) and denote the projection — > /V^^^ by vTj. For brevity 
write Lj = YllLi{Cz^,k- Xfij,ki^j,k))- The individual operators C^,- ^ - X^j,* commute 
with the vTj's by the naturahty properties of D, see [13], Proposition 3.1. Hence 

7ijiLj{a)) = Y[{C,^^, - XM,.fe(^i,fc))7r(a) = 0. 

k=l 

This imphes that Lj maps r{V^) to r{V^^^) and by induction that L vanishes on 
T{V'+^). Therefore L descends to an operator T{VyV'+^) T{V') that can be re- 
stricted to r(iy). Moreover, let a G T{W) and choose a representative a G T^V), then 
we compute 

j=i+l k=l 

So if X\{.Zj,k) 7^ Xfijki^j,k) for J) ^5 then L{Ccr) G r(V*) is an invariant lift for a with 

= (n7=.+i n:ii(xA(^,,.) - x.,,. □ 

Remark 

Theorem [9] is a straightforward extension of Theorem 2 in [21] . 

Corollary 8. Let E he an irreducible associated bundle, choose k and define the Ad- 
bundle VM_{WP){k — M_) as in \ 5.1[ Assume that every generalized Verma module that 
is associated to the irreducible composition factors of YAf_(EP)(k — M) has a different 
central character from Mp(E), then the higher order curved Casimir operators can 
be used to define an invariant splitting operator 

N nj 
j=i+l k=l 

where fij^k o^^e the highest weights of the duals of the irreducible components of the 
composition factors 

o/Vm(1E°)(^- M) and Zj^k G ^(g) are such that Xtij.ki^j,k) X\{zj,k)- 

Proof. Ym_(¥P) is a representation of g and hence allows a composition series by com- 
pletely reducible sub-quotients as in Lemma [131 Tensoring this representation with 
0{k — M) does not change the form of the composition series, it just changes the 
character by which 3(50) acts. Hence we can apply Theorem [9] □ 

Thus we have proved the next theorem. 
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Theorem 10 (Main result 4). Let , g,uj) be a regular parabolic geometry of type 

{G, P) and let V and W be two finite dimensional irreducible p-modules such that the 
action of p lifts to an action of P and let A (resp. v) be the highest weight of Y* 
(resp. W*). Moreover denote the corresponding Qq modules by V° and respectively 
and define 

Vm {kv - M) and Vm(W°) {kw - M) 

to be the appropriate M -modules as in I5.il and Remark \5.L3[ The different central 
characters of the generalized Verma modules associated to the irreducible composition 
factors of those M-modules will be denoted by (j = l,---;-^^) i = ■■■inj) and 
Xafc,, (k = l,..., Nw, I = 1, ruk). If 

and 

for all possible k,j,i,l, then there exists an m-parameter family of invariant bilinear 
differential pairings 

T{V) X T{W) T{E) 

for each E = EP{kv_ + hw_ — 2M) corresponding to an irreducible component of the 
tensor product 

E° Cltt(p+)®V°®W'' 
of multiplicity m for each t < M = minjg/{M(}. This pairing is of weighted order t. 

Proof. We can use Corollary M to define splittings 

V VM{Y°){k - M) and W 1/m(W°)(/ - M) 

and Proposition [8] to ensure that there exist the appropriate projections 

^M(V°)(fcy - M) ® VM{'W°){kw -M)^E. 

The weighted order can be determined by looking at the symbol of the differential 
operator as described in l2.1.4[ □ 

Remark 

In order to minimize the amount of restrictions Xa 7^ it is best to choose Mj = M 
for all i & I. If one is interested in specific pairings, it might be appropriate to vary the 
different values of M for V and W. In those cases one has to examine the corresponding 
M-bundles carefully and exclude appropriate weights in the spirit of the discussion 
above. This procedure can be a lot more efficient in any specific example (see Chapter[6]) 
than in the general theory developed above. 
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5.2.2 Splitting operators on the flat model 

On homogeneous spaces G/P, we can define splitting operators with the help of the 
following three theorems: 

Theorem 11. Invariant linear differential operators between sections of homogeneous 
bundles over a flag manifold G/P are in one-to-one correspondence with g-module ho- 
momorphisms of induced modules. 

Proof. This theorem is proved analogously to Proposition 3 in [27], p. 212. It may 
be noted that the theorem is usually stated in terms of generalized Verma modules 
(see [3j, p. 164). The statement, however, remains true for induced modules with 
identical proof. □ 

Theorem 12. // Mp(Vo(fc — M)) has distinct central character from the generalized 
Verma modules associated to all the other composition factors ofYM_(¥P) (k — M) , then 
it can be canonically split off as a direct summand of Mp(YM_{EP){k — M)). 

Proof. The composition series VM(E°)(fc -M) = Vo(^- M) + ... + V7v(^-M) induces 
a composition series 

(VM(E°)(fc - M))* = (V,v(fc - mr + - + (Vo(A; - M))* 

of the dual representation. Since the functor that associates to every p-module V* the 
corresponding induced module ii(g) (8>n(p) V* is exact (see [62], p. 303, Lemma 6.1.6), 
we have a filtration 

Mp(VM(E°)(fc - MS) = Mp(V7v(fc - M)) + ... + Mp(Vo(^ - M)) 

that induces an injection Mp{Yo{k- M)) ^ Mp(VM(E°)(fc - M)). The weight spaces 
of Mp(Vjv£(E°)(A; — M)) can be grouped in terms of central character, so the projection 
Mp(VM(E°)(fc - M)) Mp(Vo(fc - M)) may be defined by projecting onto the joint 
eigenspace of the central character of Mp(Vo(A; — M)). Since central character is pre- 
served under the action of g, this projection is indeed a g-module homomorphism and 
provides a g-module splitting of Mp(VM(E°)(fc - M)). □ 

Theorem 13 (Harish-Chandra). Two generalized Verma modules have the same central 
character if and only if their highest weights are related by the afflne action of the Weyl 
group of g. 

Proof. A proof of this theorem can, for example, be found in [IQ], p. 130, Theorem 23.3. 

□ 
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Remark 

The irreducible components of the tensor product itt(p+) ® V ® W are exactly the 
possible targets for invariant bilinear differential pairings of weighted order t between 
sections of V and W that are curved analogues of non-zero pairings on the homogeneous 
model spaces. This can be seen by looking at the exact sequence 

\ i 
E 

Remark 

1. Theorems [11], [12] and [13] combined are the backbone of the Jantzen-Zuckermann 
translation functor as used in [28] and [27j . 

2. In order to define splitting operators we had to exclude weights, i.e. values of 
k, for which the central character of Mp{Yo{k — M)) is the same as the central 
character of a generalized Verma module associated to another composition factor 
of Vm(IE°)(^ — M.)- A trivial case is k = M, because all the weight spaces of 
Vm(IE°) apart from the highest weight space, which lies in Yq, have weights fi so 
that 

iiA+pir> pf- 

The pairings that we obtain via our construction in this trivial case are then 
special cases of the parings as defined in p. 13, Theorem 3.6. 

5.2.3 Comparisons 

First order operators via splittings and via p-module homomorphisms 

Lemma [TD] and Paragraph 14. 1 .31 show that the results from Chapters three and four are 
consistent with the results in this chapter. The first method via bi-jet bundles, however, 
is much more efficient, because we only have to exclude those weights that correspond to 
operators that actually occur in the pairing. Moreover, the first method shows exactly 
what happens for excluded weights whereas the second method using splitting operators 
just fails. On the other hand, the construction in this chapter produces the most general 
higher order pairings for non-excluded representations. 

Splitting operators 

Let V, W be two finite dimensional irreducible representations of p with the highest 
weight of V* (resp. W*) given by A (resp. z/). Then we have the following implications. 

There exists an invariant differential operator d : T{V) — > r(iy) 
=^ Mp(V) and Mp(W) have the same central character 
\\X + pf = \\u + pf , 



116 



CHAPTER 5. HIGHER ORDER PAIRINGS 2 



where we only deal with curved analogues of flat operators, i.e. those operators that 
are non-zero when restricted to flat parabolic geometries. Therefore, if 



1-^ + Pf 7^ \\Tk,j + P 



|2 



for all j and k, then none of the irreducible composition factors of YM_{EP){k — M ) 
induces a generalized Verma module that has a central character that is equal to the 
one of E, so our construction is more efficient than just using the curved Casimir 
operator and the splitting operators defined in f2T\ . 
The reverse of the two implications is not true: 

Example 1 

Let us look at the following weights: 

, -10 1 , -4 10 

A = X — •— • and /i = x — •— •. 



Let V*, W* be the irreducible representations of p with highest weights A and /i respec- 
tively. Then 

9 -4 2 -1 1 -5 2 1 -4 1 

0i®V= X • • X • • = X • • © X • 

so W appears as a possible symbol for a differential operator emanating from V. The 
generalized Verma modules Mp(V) and Mp(W) do not have the same central character: 
in the notation of Section 15.3.11 we have 

A + p = (4|4, 5, 7) and /i + p = (6|3, 5, 6) 

and those numbers do not differ by a permutation. Equivalently, in [48] one can see 
that 7^(3) acts on Mp(V) and Mp(W) differently. However, A + p = -63 - Se^ and 
fi + p = 3e2 + €3 and hence 

||A + pf = \\fi + pf = 7. 



This means that in 



v-2 1 

X •— • 

X— •— • 



2 1, ^ , -u+l 1 , f " , o t)-4 2 

•-•-•(t;-l)= X • • + © + =/^for»^=-2 + X • • 

v-1 11 © 

X •-• v-3 2 1 



X- 



we would have to exclude v = —2 if we wanted to define a pairing via the curved Casimir 
operator. However, with the higher order curved Casimir operators, we do not have 
to exclude this weight (in the next chapter we will see that the weights to exclude are 
V = —4,-1,0), since A and p do not have the same central character. In particular, 
there is no invariant differential operator between the corresponding bundles. Finally 
note that we will prove in the last chapter that the splitting in the general curved case 
can be written down with the help of tractor calculus, see Theorem [13 
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Example 2 

Let 



, , 1-4 1 

A = • X • and = • — x — • 



and define V, W as above. The generalized Verma modules Mp(V) and Mp(W) have 
the same central character (see [27]) and 

q , 3 -6 3 1 -4 1, 3 -6 3 1 -4 1 

© Si © V = ( • )< • © • )( • ) © •-^^ = • X • © • X • , 

hence W is a possible symbol for a differential operator emanating from V. But, in 
the conformally fiat case, the classification in [27] shows that there is no invariant 
differential operator T{V) r{W). However, it has to be noted that the weight for 




for v=0 



that has to be excluded according to the above discussion is f = 0, which has to be 
excluded at an even earlier stage (*), because for v = the exterior derivative 



1-2 1 

a : • X • — • 



is an invariant operator. 



Remark 

We have not been able to find an example of a composition series of Vm(V°)(^ — M ) 
such that 

1. there exists an irreducible composition factor W so that the generalized Verma 
modules Mp(W) and Mp(Vo(A; — M)) have the same central character and 

2. there is no invariant differential operator d : V ^ E, where E is an irreducible 
composition factor of Va/(V^)(A;— M) and V is the bundle induced from Yo(k—M). 

It is plausible to conjecture that this is not possible. At present, however, this is still 
an open question. 



5.3 Higher order pairings for projective geometry 

In this section we will work exclusively on an ri-dimensional manifold A4 with a projec- 
tive structure that is given in terms of a parabolic geometry {Jli,Q,sln+iC,uj) of type 
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(SL^+iM, P) with P as given in 11.3.11 (a) and 11.3.2] (a). For the notation the reader is 
also advised to refer to Chapter [61 

Note that we will use Dynkin diagrams for the visualization of four objects: an irre- 
ducible representation of p, the corresponding irreducible homogeneous vector bundle, 
its sections and the generalized Verma module associated to the representation. In 
every case it should be clear which meaning we refer to and sometimes it is convenient 
that two meanings are denoted at the same time. 

5.3.1 Branching rules 

Definition 23. For every representation 

^ ai a2 O-n — 2 In — 1 

E = • — • ... • • 

of 0Q = s[„C and every constant M > 1 we define 

, . M ai 02 a,n-2 a„_i 

Va/(E) = • • • ... • • , 

a representation of q, which we also denote by 

(n-l 
0, M, ai + M,ai + a2 + M, J] + M 

When referring to a representation of p, we will use the notation {a\b,c, ...,d,e, f) for 

b—a c—b e—d f—e ... , i -i i • r i 

X • ... • • . ihis IS important whenever we want to describe the action of the 

Weyl group W on the weight, because W = §„+i and it acts by permutation (and 
renormalization to account for the usual ambiguity 

(a + m\b + m,c + m, ...,d + m,e + m, f + m) = {a\b, c, d, e, /) 

for all m G Z). 

The 0-module Vm(IE) has, as a p-module, a composition series 

Vm(E) = Vo + Vi + V2 + ... + V^, 
where each Vj decomposes into a direct sum of irreducible p-modules and 

M a\ a2 as o,n-2 a„_i 
Vo = X • • • ... • • . 

We may tensor this composition series by 0{k — M) to obtain 

, fc ai 02 as an-2 a„_i 
Vo(/i; - M) = >^-« • • ... • • . 
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This is the p-module that we are interested in and we want to define a mapping 

Vo{k-M) ^ VM{E){k-M) 

using the theorems from the last section. Hence we have to make sure that the 
generahzed Verma modules associated to all the irreducible composition factors of 
VM(IE)(fc — M) have a central character which is different from the central character 
of Mp(Vo(A;-M)). 

Remark 

In the case of projective geometry, Proposition [7] can be proved directly using Pierie's 
formula, as in [32j, p. 225, for the tensor product ©'gi ® E and the branching rules 
for restrictions of representations of s[„+iC to s[„C as in |33], p. 350. The upshot 
of this procedure is that we obtain a more precise statement than Proposition [TJ 
namely that Yi{k — M) consists of terms (M — k + l\bo,bi, ...,bn-i) that interlace 
(M - k\bo,bi, ....,bn-i), i.e. 

0<bo<bo<bi<bi<b2<b2< ...< K-i < bn^i 

and J21=o ~ J2^=o ^« = ^- We can also see that = Yl^=i + because for / > 
it is not possible for any (M — k + l\bo, bi, 6„_i) to interlace (M — k\bo, bi, 6„_i). 

Proposition 9. The only irreducible components ofYi{k — M) that can induce gener- 
alized Verma modules with the same central character as Mp{Yo{k — M)) are the ones 
that are of the form 

{M - k + l\bo, bi, bj - I, bj+i, 6„_i), 

forj = 0, 1, n — 1. If j G {l,...,n — 1}, then this is only allowed for a j > I and if 
j = 0, then this is only allowed for I < M. In that case the generalized Verma module 
has the same central character as Mp{Yo{k — M)) if and only if 

k = - ai+j-l + 1^ . 
For j = 0, this condition reads k = I — 1. 

Proof. Using the remark in Section 15.3. H we know that an arbitrary irreducible com- 
ponent Yi^^{k - M) of Yi{k - M) has to be of the form {M - k + l\bo, bn-i) so that 
(M — k + l\bo, &ri-i) interlaces (M — k\bQ, 6„_i). Let us assume that there are at 
least two integers 0<i<j<n — 1 such that bi < bi and bj < bj . We can assume that 
i is the smallest integer with this property and that j is the biggest integer with this 
property. 

Theorem [13] implies that the central characters of the generalized Verma modules 
Mp{WQ{k — M)) and Mp{Yi^y{k — M)) are identical if and only if there is an element in 
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the Weyl group, i.e. a permutation, that maps the weight (M — k + l\bo, 6n-i) + Pg 
to (M — k\bo, bn-i) + Pq- Using pg = (1, 2, n, n + 1), we obtain the condition that 
the two sets 

{M - k + l,bo + 2,bi + 3, ...,bi + i + 2, ...,bj + J + 2, bn-i + n + 1} 

and 

{M - A; + / + 1, 6o + 2, 6i + 3, 6i + i + 2, bj + j + 2, bn-i + n + 1} 

have to be equal This is equivalent to 

{M - + 1, 6i + i + 2, 6^- + J + 2} = {M - A; + / + 1, 6i + i + 2, bj +] + 2}, 

where the sets contain all those 6^ + m + 2, resp. 6^ + m + 2, for which bm 7^ &m- 
Furthermore, leaving out M — k + 1, all numbers in the first set are increasing from left to 
right. Since 6j < 6j, bi+i+2 is smaller than the second entry in the first set and therefore 
smaller than everything but the first entry, i.e. we must have bi + i + 2 = M — k + 1. 
Moreover bj < bj implies that there has to be an integer m < j so that 

bj+j + 2 = bm + m + 2^ bj + j = b^ + m. 

This is not possible, because bj > bm and j > m. That proves the first claim. 

Let us now assume that Yi^^ik — M) = {k — M + l\bo, bi, bj — I, 
In this case Mp{Yi^y{k — M)) has the same central character as Mp{YQ{k — M)) if and 
only if 

{M-k + l + l,b,-l + j + 2} = {M-k + l,bj+j + 2}, 
which is equivalent to A; = —bj + M — j + l — 1 = — ^X]i=i CLi + j — I + 1^ . □ 

5.3.2 Excluded weights 
Proposition 10. // 




then there exitst an l-th order invariant linear differential operator 

k ai 02 as ftn-2 In— 1 k—l ai 02 aj+i+Z a„_2 Qn— 1 
X — • • • ... • • — > X • • ... • • ... • • 

Proof. As proved in [16], p. 65, Corollary 5.3, the condition for this operator to be 
invariant is ^ 

uj = (a + e„_j,p) - -(/ - l)(|a|^ + 1) - (-e„_j,A), 

where u = [nk + i^^^i [n — i)ai) is the geometric weight of x— • ... • • , 

(., .) is the normalized Killing form as in Corollary 6 and a = — e„ is the highest weight 
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of gi. Moreover p = ps[„c = '^'!=i{n - i)ei, |ap = {a, a) and A = ^"j/ Xiei (we can 
always assume that A„ = 0, which imphes Xn~j = J2i=i^j) is the highest weight of E. 
Using 

/ ~ - nj 



~i2 '^-l 



\a 



(e„_j, A) 



n + V 



n + 1 

and the formula for u from above, we see that 



u = {a + en-j,p) - ^(/ - l)(|ap + 1) - (-e„_j, A) ^ k = - l^a^ + j - I + A . 



, i=l 



Note that these calculations for j G {1, ...,n — 1} make only sense if aj > I. If j = 0, 
then / may be arbitrary. 

We could have also proven this proposition utilizing Chapter HI □ 

The problem is, when we look at M-th order pairings, we do not really want to 
exclude weights that correspond to operators that have a higher order. The following 
lemma excludes such a situation at the cost of a restriction on the integers Oj. 

Lemma 17. Let M > maxj{aj}, then no weights have to be excluded for I > M. 

Proof. As discussed earlier, an irreducible component of V;(/c — M) that induces a 
generalized Verma module with the same central character as Mp(Vo(^ ~ M)) can only 
arise by taking 

{M -k\bo,h,...,bn-l) 

and subtracting / from one of the 6j's to obtain 

{M -k + l\bo,h,-,bn-i) 

so that (M — k + l\bo, interlaces (M — k\bQ, But 

bi - bi-i = Oi < M < / V 2 = 1, n - 1, 

so subtracting / from any bi, i > 1, leads to bi = bi — I < bi-i, which is not allowed. 
Subtracting / from bo leaves bo = M — I < 0, which is also not allowed. Therefore all 
irreducible components of Yi{k — M), for / > M, induce a generalized Verma module 
that has a central character which is different from the one of Mp(¥o{k — M)). □ 



122 CHAPTER 5. HIGHER ORDER PAIRINGS 2 

Examples 

(a) Let us look at symmetric two tensors of projective weight v, i.e. sections of the 
vector bundle ©^TAI (g) C>(v) for M = 2: 

V 

>^ ... 

1+v 1 
X • .. 



2 2,. 2+v 2 v-1 10 1 
t[v) = X • ...•-•+ © + X •-• ... •-• 

V 1 2 

X • • ... •— • © 

v-2 2 2 
>^ 

v-2 10 
X •— • .. 



v-4 2 
+ © + X • • .. 

■y-3 2 1 



X- 



The weights to exclude are 



1. V — —2, — (n + 3) which correspond to the first order invariant linear differ- 
ential operators VaV^'^ — ^^f^a^^'V^l^'^^'^ and Va^"'' respectively; 

2. V = —1, — {n + 2) which correspond to second order invariant linear differen- 
tial operators Va^bV"'^ + PabV"^ - trace and VaSbV"-^ + PabV"^ respectively. 



(b) Another example for vector fields of projective weight i.e. sections of TM.®0{v)^ 
with M = 1: 



V 
X— • ... •— • 

10 1,, 1+v 1 v-2 10 00 

•— • ... •— •(v) = X • ... •— • -I- © -I- X •— • ... •— • . 

v-1 10 1 
X — •— • ... •— • 

The weights to exclude are v — — 1,— (n-|-l) corresponding to the first order 
invariant hnear differential operators VaV^ — ^SaVcV'^ and VaF" respectively. 

(c) The last example deals with weighted functions and a general M: 



MO 00, w 00 w-2 1 w-i 2 

• — • ... •—•(■«; — M) = X— • ... •— • -I- X — •— • ... •— • -I- X — •— • ... •— • 

W-2M MO 
+ ...+ X 

The weights to exclude are w = 0, 1, ...M — 1 corresponding to the invariant linear 
differential operators V(a...Vc) / + C.C.T. respectively. 



w+l 
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5.3.3 Classification and Examples 

To state the main theorem, we have to define precisely what we mean by excluded 
weights. 

Definition 24. Let x ... — be a representation of p. Then the excluded 

weights up to order M consist of all k such that there is a 1 < / < M and a < j < n—1 
with 

k = — '^i + j ~ ^ + 1^ ^^(^ o,j ^ ^• 
For j = 0, the excluded weights are /c = / — 1 for 1 < / < M. 

A: ai a2 an-2 Qn-l m 61 62 ''n-2 6n-l . , ., , 

ineorem 14. Let x— • — • ... • • ana x — • — • ... • • be irreaucioLe 

associated bundles on Ai. If M > maxjjaj, bi} and k and m are not equal to one of the 
excluded weights up to order M , then there exists an r parameter family of M-th order 
invariant bilinear differential pairings 

k ai ai a.n-2 ^n-i m h\ hi ^11-2 bn-l s c\ ci c?i-2 Cn-l 
X — • • ... • • X X — • — • ... • • — > X— • — • ... • • , 

where r is the multiplicity of •— ^» ... — h» ^ in 

».r ai 02 0,n — 2 0,n — l bi f)2 b„ — 2 b„ — i 

©^■^gi O •— . ... • • O •— . ... • • . 

Excluded weights correspond to the existence of invariant linear differential operators of 
order < M emanating from the bundles in question. 

Proof. If M > maxjjaj, hi} and k and m are not equal to one of the excluded weights 
up to order M, we can use Lemma [T71 Proposition [H] and Corollarly[H]to define invariant 

. _ ji J J 1 k ai ai an-2 Qn-i , m bi bi bn-i 6n-i . 

dirterential operators that take x— • — • ... • • and x — • — • ... • • mto 

their M-bundles. Then we decompose the tensor product of the M-bundles as described 
in Proposition [8] and project onto the first composition factor of each of the irreducible 
components. That also yields all the invariant pairings of order smaller than M, but 
we may have to exclude more weights than necessary. Moreover there cannot be more 
invariant bilinear differential pairings that are non-zero in the flat case, because then one 
would be able to flnd a linear combination of all those pairings that does not involve the 
highest order terms (M derivatives) in sections of one of the bundles. But obstruction 
terms involving M — 1 derivatives in the sections of that bundle and one T-term would 
therefore only occur in 0^~^0i ® E ® fli ® F (if E and E denote the corresponding Qq- 
modules as before) and one would not be able to eliminate them, because no operator 
in the formula is invariant. The last statement follows from Proposition [TOl □ 
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Example 

Let us carry out the described construction for first order pairings between weighted 
2-forms and weighted vector fields for four dimensions. The corresponding M bundles 
have composition series 



10 10 

■ ■ ■ ■ 



10 10 
X • • • + 



1 
X • • • 



-1110 
X • • • 



-2101 
+ X • • • 



and 




X • • • 

1001 1001 -2 100 

• • • • = X • • • + © + X • • • 

-110 1 
X • • • 



If we tensor these together, we obtain a composition series 



1010 1001 

■ ■ ■ ■ ® ■ ■ ■ ■ 



/ 2 1 1 \ / 
' X • • • » ' 



2 10 
X • • • 



+ 



10 10 

4 X X • • • 



2 

2 X X • • • 



o 1 1 1 \ 

2 X X • • • \ 

2 

J 



10 2 

2 X X • • • 



+ 



-110 2 

3 X X • • • 



1 

5 X X • • • 



-10 2 1 
X • • • 



1 1 1 \ / 



6 X X • • • 



-2211 
X • • • 



-2 3 
X • • • 



+ 



-2101 

5 X X • • • 



-3210 

2 X X • • • 



-3 2 2 
X • • • 



e 



r, -1 \ 

2 X X • • • * 



-2 2 

2 X X • • • 



-2012 



/ -4 2 1 \ 
' X • • • » 



-3011 
X • • • 



v 



10 

X • • • y 



This composition series can be split up according to 



10 10 

■ ■ ■ • 



10 1 
• ■ ■ ■ 



2 11 



111 



2 10 
• ■ ■ ■ 



10 2 



2 
■ ■ ■ ■ 
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which compose as 



10 2 

X • • • 

e 

2011 2011 0111 

• • • • = X • • • + X • • • 

e 

10 10 
X • • • 



-110 2 
X • • • 

e 

-2211 
X • • • 

+ © 

1 
X • • • 

© 

-1110 
X • • • 



-2101 
X • • • 

© 

-3210 -4201 
+ X • • • + X • • • , 

© 

-3 2 2 
X • • • 



-10 2 1 
X • • • 

© 

0111 0111 -1102 

• • • • = X • • • + X — • • • 

© 

-1110 
X • • • 



-2012 
X • • • 

© 

-2101 -3011 
+ X • • • + X • • • , 

© 

-2 2 
X • • • 



2 10 



2 10 

X • • • + 



10 10 
X • • • 



2 







+ 



-1110 



-2 3 
X • • • 



-3210 



10 2 



10 2 
X • • • 



+ 



1 
X • • • 



-110 2 



+ 



-10 
X • • • 



-2101 
X • • • 



10 
+ X • • • 



10 10 
• ■ • • 



10 10 
X • • • 



+ 



1 
X • • • 



-1110 
X • • • 



+ >f- 



10 1 
• • • 



and 



2 
■ ■ ■ ■ 



2 

X • • • + 



-1110 
X • • • + 



-2 2 
X • • • 



0001 0001 -1 000 

■ ■ ■ ■ = X ■ ■ ■ + X — • • • . 

There are 5 first order invariant bihnear differential pairings according to the projections 
onto (including the weights A; = 1 + for vector fields of projective weight v and 
m = w — 3 for 2-forms of projective weight w, i.e. we have to tensor by the line bundle 
0{k - M) 0{m -M)^0{v + w- 4)): 

v+w-A 2 v+w-3 2 v+w-4: 111 
X • • • , X • • • , X • • • 



126 



CHAPTER 5. HIGHER ORDER PAIRINGS 2 



and the two projections onto 

v+w-3 10 r^2/ . \ 

X •— •— • =U{v + w), 

corresponding to 

001 010 „ 010 111 200 002 

(g)Q^(g) = 2 X • • • © © © . 

The concrete formulae for the two projections onto Q'^{v + w) were given at the end 
of [3X21 

5.3.4 Weighted functions of excluded geometric weight 

Returning to Example 15.3.21 (c), let us assume that the central character of the gener- 
alized Verma module Mp(Vo(w — M)) equals the central character of Mp(V/(w — M)), 
i.e. 0<w = / — 1<M — 1. This corresponds to an l-th order invariant differential 
operator 

^ «i w-21 1 

D : X • • • ... •— • — > X — •—• . 



Hence one can invariantly write D{f), for / G 0{w). Now we look at the p-module 

YmAQ^w - M) =Yi{w- M)+ Yi+i{w - Af) + ... + Ym{w - M). 

The central character of Mp(¥i{k — M)) is different from the central character of all the 
other generalized Verma modules, because each Mp(¥s{w — M)) has the same central 
character as Mp(¥o{w — M)) if and only ii w = s — 1. Therefore we can define an 
invariant differential mapping 

0{w)^Vi{w- M) -> Vm,i{C){w - M) ^ Vm{C){w - M). 

The invariant pairings that we obtain via this construction do not involve derivatives 
of / of order smaller than /. This is confirmed by the formulae obtained earlier. 
These considerations yield: 

Corollary 9. If M > maxjjaj} and k does not equal one of the excluded weights up to 
order M for V = x— — ^» ... — , then there exists a one parameter family of 
invariant bilinear differential pairings of order M between sections of V and arbitrarily 
weighted functions onto every bundle that is induced by an irreducible component of 

0*V® •— • ••• • — • ■ 

Remark 

ai 02 o,„—2 an—i 



Using Pierie's formula, it is clear that the tensor product 0^'^0] 
does not have multiplicities. 
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Example 

Let us analyze the example given in 13.31 where we considered second order pairings 
Vect(A^)(t') X 0{w) —^Q^{v + w). For this purpose we decompose 

9 00 01 20 01 10 00 

Q^Ql (g) •-• ... •-• = •-• ... •-• © •-• ... 

Therefore if v ^ —1, —{n + 1) (for the other projection we also need to exclude v = 0), 
then there should be a second order invariant differential pairing. This is true and the 
formula was given in 13.31 Moreover one can clearly see which terms vanish in case the 
weight w is excluded. 
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Chapter 6 

Explicit formulae: Tractor calculus 



In this chapter we will review some of the basic properties of projective, conformal and 
CR geometry in order to construct some explicit splittings with the help of tractor cal- 
culus. These splittings can be used to obtain explicit formulae for invariant differential 
pairings for the parabolic geometry in question. All these examples will deal with real 
manifolds A4 and smooth tensor bundles. 

To denote the various tensor bundles that occur, we will use Penrose's abstract in- 
dices. The tangent space (and sections thereof) will be denoted by S"" and the cotangent 
space (and sections thereof) by £b- AH tensor bundles have a description in terms of ab- 
stract indices that denote the symmetries of the elements involved, (^a^)o; for example, 
denotes the bundle of elements Xa^, such that = 0, i.e. which are trace-free. 

6.1 Projective geometry 

Throughout this section g^. = 5[„+iM with complexification q = An and the grading as 
given in Example 11.1.41 (a). The description of the tractor calculus for manifolds with 
a projective structure follows 

6.1.1 Projective manifolds 

Definition 25. A projective structure on a manifold Ai is given by an equivalence 
class of torsion-free affine connections which have the same (unparametrized) geodesies. 

Proposition 11 ([6l]). Two torsion free connections V , V have the same unparametrized 
geodesies if and only if there is a one form such that 

for every one-form Ub. 

Proof. A proof may be found in [S^, Proposition 1. □ 
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Corollary 10. Since V af = af for every function f and every connection satisfies 
a Leibniz rule, the difference of V and V when acting on vector fields can be deduced. 
Again using the Leibniz rule, it is then straightforward to deduce the difference of V 
and V when acting on arbitrary tensor bundles. 

Definition 26. For every t/; G M, let S{w) denote the line bundle of densities of 
projective weight w. This bundle (assuming that Ai is oriented) can be defined as 
(A") "+i , where A" is the line bundle of n-forms on the manifold Ai of dimension n. 
The tensor product of an arbitrary bundle where $ denotes some indices, and S{w) 
will be denoted by S'^{w). Note that 

Vaf = Vaf + wTaf 

for / e £{w). 

Definition 27. The curvature tensor, defined by 
for every vector field V"' & S"", can be written as 

Rab^d = Cab'^d + '2'S[a^Pb]d + Pab^d^, 

where Cat'^d is the trace-free Weyl tensor, Pat = —'^Piat] is skew and Pab is the Schouten 
tensor. This tensor has a transformation law 

Pab = Pab — '^a'^b + '^a'^b- 



6.1.2 Tractor calculus 

Definition 28. Let A be the standard representation of g^. on R""*"^. The associated 
bundle S"^ = Q Xp A is called standard tractor bundle and it has a composition 
series 

000 01 000 01 -100 00 
= X— •— • ... •— • + X — •— • .. 



In accordance with I2.3.3[ for every choice of connection V, we can write the elements 
in £^ as 

where V"' G S"'{—1) and a G S{ — 1). Under change of affine connection to V, these 
elements transform as 

a J ~\cr- TaV- 

As explained in the remark at the end of Section ll.3.4[ there is a canonical connection, 
the tractor connection, on the bundle £^ given for each choice of connection by 

V7 / \ - f Val^" + (r6a' 
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Let A* be the dual of the standard representation of Qk on M"+^. The associated 
bundle Sa = G Xp ^* is called standard co-tractor bundle and it (or rather its 
complexification) has a composition series 

100 00 100 00 -110 00 
= X— •— • ... •— • + X — •— • .. 



For every choice of connection V, we can write the elements in Sa as 

Sa^Va = 



a 

Va 



1 



where Va € £aiX) ^^'^ ^ ^ "^(1)- Under change of connection to V these elements 
transform as 

K ) \ V„ + T.<T 

The tractor connection on the bundle £a is, for each choice of connection, given by 



Remark 



This description of £^ can be used to determine descriptions of all tensor powers of 
£^ and the corresponding tractor connections by requiring V to satisfy a Leibniz rule. 
All bundles that are induced from representations of the whole Lie algebra g are called 
tractor bundles and we use capital letters A, 5,.. as abstract indices in the same 
spirit as small letters a,b, .. are used as indices for tensor powers of the tangent bundle 
£"■. Moreover we can tensor any tractor bundle with a line bundle £{10) to change 
the projective weight as in Remark 15.1.31 The tractor connection is not invariant on 
weighted tractor bundles £'^{w), but has a transformation law Va/ = Vaf + wTaf, for 

This remark also applies to the tractor calculus for conformal and CR structures to 
be presented in the next two sections. 

Definition 29. Let / G £'^{w) be a section of a tractor bundle of weight w ($ denoting 
some tractor indices). There exists an invariant operator 

Da: £"(10) £''0£a{w-1) 



Va/ 

where Va denotes the appropriate tractor connection on £'^ 
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6.1.3 Special splittings 

Proposition 12. g and v ^ { — {n + k + a — l)}a=i,...,fe, then there 

exists a unique lift to an element g E(^^---^k)(^y _|_ /^j g^Qj^ if^j^f 

Each excluded weight v corresponds to the existence of an invariant differential operator. 

Proof. We will regard the elements of £!(^i---^'=)(ti + k) as elements in S^^'"^''{v + k) 
satisfying certain symmetry relations. This can be easily demonstrated for the case 
k = 2: 

S\v) 

so that V"^^ e can be written as 

= I 




where we will use lower indices to indicate the valence of the corresponding tensor. If 
yABg£.(AB)(^^2),then 

1. V^^^ e and 

2. 1/« = e 

For higher valence tensors V^^'"^'', each component V^^" '" has to be totally symmetric 
and is equal to all other components with a indices. 
We can write V^'^^-^'^ e S^^^^^-^'^\v + A;) as 



Yhh—Ik — 

and 



It is then straightforward to compute 

Moreover, for each I — 1, a and a — k, we can compute 

^ril...ilil + lIl+2---ia I r Tril...ilIl+2--Ia 



6.1. PROJECTIVE GEOMETRY 



133 



and hence 



V^-rai2...ilIl+2---Ia Trai2...iibli^2---la ry 
aVa-1 ~ ^ab 



Using this equation one can see that Di^V^^ "^^ = is equivalent to the following k 
equations 

VaV:''-'-' + {v + n + k + a- l)Vtt''-' - (k - a)V:'X'""Pab = 0, (6.1) 

for a = 1, k. li V ^ { — {n + k + a — l)}a=i,...,k, then these equations can be uniquely 
solved starting with V^^'"^'' = This shows the uniqueness of the splitting. The 

existence can either be shown by explicitly using the transformation rules under change 
of connection as in Remark 16.1.21 or by using the general theory from the last chapter. 

If w = —{n + k + a — 1), then we can use Proposition [10] from the last chapter to see 
that the differential operator 

^ v.. ...Vi,^, V''-''^ + C.C.T, 
where C.T.T. stands for curvature correction terms, is projectively invariant. 

□ 



Remark 

This proposition was first proved in [30], Proposition 2.1, without explicit use of tractors. 
The elements V^^'"^'' in this paper are written down as elements in £^^'^---^'^\v + k) and so 
are related to our elements V^^'"^'^ by the projection £^^---^k _^ gih-.-h) _ More explicitly 



here 



Corollary 11. For v = —{n + k + aQ — l), it is possible to write down the full form (in- 
cluding curvature correction terms ) of the corresponding invariant differential operator 
in Proposition [IH using the equations Ii6. 1\) from the proof of the proposition. 

Proof. We can solve the equation 

VaV:^-'-^ + (a - aoWt^'''-' -ik- a)V:'^r'-' Pab = 0, 
for a = /c, ao + 1. The next line 

can then be written as Vi, ...Vi. yn-tk _|_ C.C.T. . This line is the first non-zero 
projection of DaV^^"^ "^^ and hence an invariant expression. □ 
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Example 

Let us take ao = k — 2, then the first non-zero entry of DaV^^^'"^''-^ is 

for G n — 2k + 3), in accordance with the expressions for the curvature 

correction terms given in Chapter HI Note that the sign convention of [3D] for P^fe is 
different. 

Theorem 15. // 

V ^ {-{n + k + a- l)}a=i,...,k U {a - A;}a=o,..,M-i, 
then there exists a splitting 

£^'^-'^\v) ^ [£['j\::jI^^ {y + k-M)= txi ...ti{v + k- m). 

Each excluded weight corresponds to the existence of an invariant differential operator: 

1. If V = —{n + k + a — 1), a = 1, k, then 

v+k fc v+a~l a-1 

X — •— • ... • — • — > X •— • ... • • 

yii-^fe ^_ Vi,...Vi,+,_r^-^'= + C.C.T 
is projectively invariant and 

2. if V = -{k + a), a = 0, ...,M - 1, then 

v+k fc D+fc-2(a+l) a+1 fc 
X — • — • ... • — • — i> X • • ... • — • 

^ Vo-,...Vj„+i)y^i-''^ -trace + C.C.T 

is projectively invariant. 
These splittings are given explicitly by tractor formulae. 

Proof. Let - g ' ), then we can use the splitting of Proposition [T2l to obtain 
an element V^^'"^'' G S^^'"^'={v + k). The element 

D^j,...Dj^,)V^^-^^ G {Sl^::^^o(v + k-M) 

is trace-free by construction of V^^'"^'' and has as its projection onto £^*i'' *'=(t>) the 
element 

M-l 

Y[{v + k-a)V''-'''. 

Proposition 12 from the last chapter ensures that the excluded weights correspond 
to the existence of invariant linear differential operators. Since those operators can 
be constructed as Ricci-corrected derivatives (as we will see in the Appendix), the 
machinery in Chapter H] produces explicit formulae for the curvature correction terms. 

□ 
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Corollary 12. This theorem can be used to explicitly write down the formula for every 
invariant bilinear differential pairing between sections of £^'^^'"'^''i\vi) and £^'^^'"'^''2\v2). 
In practice this can be rather tedious, since the expressions for elements in certain 
tractor bundles can be rather complicated. This is due to the fact that the tractor 
bundles above encode the information about all invariant bilinear differential pairings. 
In specific cases, however, one can use certain tricks to make the computations easier. 
We will demonstrate this in Example 2 below. 

6.1 A Examples 

Example 1 

Let us have a look at weighted vector fields. 

£\iv) 
S{v) 

For X"' G £°'{v) and v ^ {—1, —{n + 1)}, we can define X"^ G S'^^v + 1) as in Proposi- 
tion [12] and then compute 

DbX^ = iv + l)X'' -^^VbVaX--X-Pat 

\ ■"+! y7 Y"- 

\ n+v+1 ^ «^ 

/^A \ / \ 10 1,, 

This can be used to determine the exact form of the two invariant bilinear differential 
pairings 

S''{v)xS\w) S\v + w) 

^ {DcX''){D^Y'') or {DcY^){DaX'') 

given by 

{v + l)X^{VaY'' - ^i--5,^V,F^) - + ^V ^VJ 
n + w + 1 n + v + 1 

n + v + 1 n + w + 1 

Note that by writing down the formulae in terms of tractors we implicitly project onto 
the first slot in the composition series. 

This result may be contrasted with the theory of natural bilinear differential pairings. 
The only natural bilinear differential pairings r{TAi) xr{TAi) r{TAi) are constant 
multiples of the Lie bracket, see [13], Remark 30.5. We can obtain the Lie bracket for 
v = w = hj taking the first minus the second pairing from above. 



and 
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Example 2 

The pairing 

can be computed by 

where 1/^^ is the hft of G S^"''^ {v) as in Proposition [121 The exact formula is given 
by 

n + f + 3 (n + f + 3)(n + f + 2) 

w{w + v + n + l) 
V + n + 2 

in accordance with I4.3.T] (c). 



6.2 Conformal geometry 

In this section g will denote sOn+2'C and in the Dynkin diagram notation we will have 
to distinguish n even (in which case we use Dm) and n odd (in which case we use Bm)- 
The description of the tractor calculus for conformal manifolds follows [1]. 



6.2.1 Conformal manifolds 

Definition 30. A conformal manifold is a pair {Ai, [g]), where Ai is an n-dimensional 
manifold and [g] is an equivalence class of metrics with equivalence given by 

gr^g^g = n'^g 

for some smooth nowhere vanishing function Q. 

Definition 31. Let {Ai, [g]) be a conformal manifold and define Q to be the bundle of 
metrics, which is a subbundle of q'^T*A4 with fiber M"*". For every w G M, write S[w] for 
the line bundle that is associated to the principal fiber bundle Q via the representation 
R"*" 9 X (— > x~~ G 0t(M). Analogous to the projective case, we will write for the 

tensor product of S[w] with an arbitrary bundle S'^. 

Proposition 13. Let Ai be a manifold endowed with an equivalence class of metrics 
[gab] ■ Any two metrics are related by gab = ^^gab for some smooth nowhere vanishing 
function Q. Let = f2~^Va^^ = Valogfi, then the Levi-Civita connections V and V 
associated to gab and gab are related by 

V,/ = Vaf + wTa, feS[w] 
VaX' = = VaX" +{W + l)TaX' - X,T^ + X'T,5a\ X" G 
VaU;fe = = VaUJb + {W - l)TaUJb - T^UJa + T^U^gab, ^b ^ ^b[w] 
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Proof. A proof may be found in ^3]. □ 
Definition 32. The Riemann curvature tensor, defined by 

can be written as 

Rabcd = Cabcd + '^gc[aPb]d + 2(7rf[f,Pa]c, 

where Cabcd is the conformally invariant totally trace-free Weyl curvature and Pab is the 
Rho-tensor. Let us write P = P°'a- The Rho-tensor has a conformal transformation 
law ^ 

Pab = Pab — VaT(, + T aT b ~ -'^c'^'^9ab- 

6.2.2 Tractor calculus 

Definition 33. Let A be the standard representation of g on C^" (or C^"'^^) and denote 
by £^ the sheaf of sections of the associated standard tractor bundle. This bundle 
has a composition series 

£^ = ^[l]+r[-l]+^[-l]. 

This composition series is a result of the composition series for A as a p-module. For 
Djn this composition series has the form 




10 
X— •— • 



-110 
+ X — •— • 



0, 



-10 
+ X — •— • 



and for Bm it takes the form 

1 0,0 1 0,0 -110 0,0 -1 0,0 

• • • ... •f* = X • • ... •f* + X — •— • ... •f* + X — •— • ... •f* . 

For every choice of metric, elements in £^ can be identified with tuples 




where cr G £^[1], /i" G £^°[— 1] and p G £^[— 1]- Under change of metric these elements 
transform as 











\-\ 








V p - T,/i" - |T,TV 
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There is a canonical connection, the tractor connection, on the bundle S^. For each 
choice of metric, this is given by 

(o- \ I VbO- - (lb \ 

p ) \ Vbp-Pbal^'' J 

where the V within the bracket is the Levi-Civita connection. 
CoroUciry 13. There is a canonical section e ^"^[1] given by 




for each choice of metric. 

Definition 34. The bundle carries a non- degenerate symmetric form Hab, the 
tractor metric, which is, for each choice of metric, defined by 

HabX^Y'' = + (7/3 + pa, 

where 











X^^ j 




1 and = j 






K » ) 







It is easy to see that this definition is independent of the choice of metric within the 
conformal class. This form can be used to identify S"^ with its dual Sa- In particular, 
we will use Hab and its inverse h^^ to raise and lower tractor indices analogous to 
normal tensor indices. 



Remcirk 

As in the projective case, these definitions can be used to determine the explicit de- 
scriptions of all tractor bundles and the corresponding tractor connections. We will use 
capital letters A,B,.. to denote tractor indices. 

Definition 35. There exists an invariant differential operator 

Da-.S^Iw] ^ St[w-1] 

/ w{n + 2w -2)f \ 
f ^ (n + 2w-2)V„/ , 
V -iA + wP)f J 

where $ denotes arbitrary tractor indices, V is the corresponding tractor connection 
and A = VaV" is the tractor Laplacian. 
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6.2.3 Special splittings 

Proposition 14. Let g Sq^"'^''\v] be a totally symmetric and totally trace-free 

tensor of conformal weight v. If 

V ^ {-{n + k + a- 2)}a=i,...,k, 

then there exists a unique lift to an element 

such that 

^^yAh...h ^ and DaV^^^ -^" = 0. 
The excluded weights v correspond to conformally invariant operators 

yh-ik ^ Vi,...Vi„V''-'^ + C.C.T., 

for a — 1, k. 

Proof. As in the projective case, we will view elements in £q''"''^''\v + k] as elements in 
[v + k] that satisfy certain symmetry and trace conditions. More specifically, each 
component V^i--*« oiV^^ '^'' e Sq^"'^''\v + k] is totally symmetric, totally trace-free and 
equal to every other component with a indices and of the same conformal weight. The 
equation XaV'^^'^"'^^ = ensures that V^^'"^'' G Sq^^"'^''\v + k] has k + 1 independent 
components, one for each number of indices. 

We can write every T/^i^^...^ ^ S^^^^^-^''\v + k] with Xi^V^^^'-^'' = 



as 



and compute 



yhl2...Ik — I yiih---Ik 



* 

and hence 

jj^yl^...lk ^ 

/ w(n + 2(«)-l))yj!i^2 u)(n + 2(w-l))y/i-j;-^'= 

(n + 2{w - 1)) aVi^'-" -'^ + 5a*i v/i--^'') 
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with w = V + k. Taking the trace yields 

Di.V'' -'" = (n + 2{v + k)) (VaVf' -'' + {v + k + n- 1)1^^1 ■ 

The expression is in itself invariant and therefore can 

serve as the defining equation. That means that we do not have to exclude the case 
that n + 2{v + k) = 0. 

Moreover, for every a — 1, ...,k and I — 2, a, we have 



and hence 





^ Y"'i2---ilIl+lIl+2---Ia _ j ^ yai2...iiii + iIi+2 — Ia _|_ Yi2..MH+lh+2--Ia 

Vfrai2...ilIl+2---Ia -1^012. ..i;W;+2---^a tj 
aVa-1 — Va r^ab 

since V^^-^'' is totally trace-free. Iterating this rule shows that DaV'^^^ -^'' = is 
equivalent to the following k equations 

^^yan...^.^ + (^; + n + A; + a- 2)V^]:;'-' - {k - a)VfX'-'Pab = 0, (6.2) 

ior a — 1, ...,k. In order to see this, note that for a = A;, 1 the equation 

VaVf'-'-^ + iv + n + k- 1)V^'S,'-' -{k- a)V;ti -'"-^Pab = 

is equivalent to the two equations 

y^^an/2.../„-i + (^ + ^ + ^)yji/2...^^^^ = 0, 

^^^a72...7._,^(^^^^^_^^^W„_i^ = 

and those equations are equivalent to the three equations 

y^yani2h...I.-, + + ^ + ^ + ^^yi,i2h-.I.-l _ _ ^^yabi,i2h...I„-, ; 

ValC-/""'""' + + n + A;)KLf - (A; - (« - i))F«^'n/3.../a-ip^ 
V„T/»^|-'«- + + n + - l)yii-/"- - (fc - (a - 2))lC!f 

These three equations are equivalent to four further equations and so forth until we 
obtain a equations. Carrying out this procedure starting with a = k yields the k 
independent equations as given above. The reason for obtaining k equations is as 
follows: DaV^^^-^'' e E^^^ ''\v + A; - 1] also has the property that 

^aDbV^^^^-^'' = 0, 



Pab 


= 0, 


Pab 


= 0, 


Pab 


= 0. 
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so DaV^^^'"^'' has k independent components. 

If V ^ {v + n + k + a — 2}a=i,...,k, then those equations can be uniquely solved 
starting with V^^'"^'' = This shows the uniqueness. The existence can either be 

deduced by considering the explicit description (behavior under change of metric) of 
Sq^^"'^''\v + k] or by the general theory of the last chapter. 

If = —{n + k + a — 2), then one can use the theory developed in to deduce 
that the (standard) invariant differential operator 

has a curved analogue. □ 



Remark 

This splitting was first written down in [26j, p. 1658, for the case v = 0. The components 
^ii...ia ^Yiis article differ, however, from our components by a constant. To be more 
precise, the components a]^^'^''~°' in [20] are given by 



with 



C{0) = 1 and for 1 < a < A; 
C{a) = aC(a-l). 



Corollary 14. For each excluded weight v in Proposition [i^l the explicit form of the 



corresponding invariant differential operator can be explicitly determined using \6. 
Proof. Let v = —{n + k + — 2) , then the equations 

y^^an...^.^! + (a - a,)Vtt"-' -{k- «)K.ti-'""^a6 = 
can be uniquely solved for a = k,...,ao + l. The next line 

T-abii ...ia—i 
ao+1 ^ab 



can be written as 

V,...V.,_„^,,r--^^ + L.O.T, 

where L.O.T. stands for lower order terms combined with curvature terms Pab- This is 
the first non-zero part of DaV"^^^"'^'' and hence an invariant expression. □ 
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Example 



The linear differential operator 



VaVbVeVdl^' 



+ 9PabPcdV''^'"^''-'^-^ 



is invariant in case f + n + 2/c — 5 = 0in accordance with (14. 2p . 
Theorem 16. // we exclude certain weights as follows: 
L V ^ {-(n + fc + a-2)}„=i,...,fc, 

2. V ^ {a - k- l}a=o,...,fc-i, 

3. V ^ {a}a=o,...,M-i <^nd 

4- v^{l-^-k + a}a=0,...,k+M-l, 

then there exists a splitting 



for n odd, given by an explicit tractor formula. Each excluded weight v corresponds to 
the existence of an invariant linear differential operator on the flat model space S". 

Proof. Let V''-^>= G S^''-'''\v]. Then we can define the splitting in three steps, each 
time excluding appropriate weights: 




for n even or 



c{h-ik)\ 1 M k 0. , 



1. Define 




or 



V 







ih-h) 



r 71 feOO 0.0. ,T 

[v + k\ = • • • ... •f»[v + k\ 
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as in Proposition [TH The weights to exclude are 

V ^ {-{n + k + a - 2)}a=i,...,k 
and correspond to the existence of invariant hnear differential operators 

-(n+fc+Q-2) fc q/*° -(n+fc+Q-2) a-1 ^ ° 

X •— • ■•• •— < X • — • ■■■ " 





or 

-{n+k+a-2) fc 0,0 -(n+fc+a-2) q-1 Q 0,0 
X •— • ... •f* X • • ... •f* 

2. Set T^QCR-DS ^ ^^^^ skew{D^ ...D^V^^-^), where, following [M], p. 223, 
'pair skew' means to simultaneously take the skew part over each of the index 
pairs BQ, CR, DS. Then 



rpBQCR...DS ^ fc ... 






[v] 





or 

From the proof of Proposition [TH one can see that the weights to exclude are 

ft 

v^{l-- + a- k}a=o,...,k~i U {a-k- l}Q=o,...,fc-i, 

because the projection onto the first factor in pair skew{D^D'^ ...D^V'^^"'^) will 
be (modulo a non-zero scalar): 

fc-i 

Y[{n + 2{v + k-a)- 2){v + k-a + l)V''-'''. 

These excluded weights correspond to the existence of invariant linear differential 
operators 

a-fc-l fc 0/ -fc-2 fc-a-1 a+1 0/ 

X •— • ••• •— «! — >■ X • • 





•0 



or 

a-fc-l fc 0,0 -fc-2 fc-a-1 a+1 0,0 
X •— • ... •f* X • • ... •f* 



yn..... ^ pair skew V,-,...V,„+,V^i,.. 
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which are standard operators, and 

l-f+a-fe fe 0/^° -1-f-a-fe k 0/*° 

X •— • ■■■ •— < X •— • ■■■ •— < 

• •0 

or 

l-f+a-fe k 0,0 -1-f-a-fc k 0,0 
X •— • ... X •— • ... 

yh-ik ^a+lyh-.tk _j_ 

which are non-standard operators. 
Define 

D^j,...Dj^^T^^^^-^'- trace etJi^ ■■■ tV' [v - M] 

• 

or 

i^(,,...D,^)T^Q^^-^^ - trace e ^t^^ ... '^[v - M]. 
The weights to exclude here are 

V ^ {a 

and correspond to the existence of invariant hnear difi^erential operators 



V ^ {a,l - - + a}a=o,...,M-i 



, '0 po 

a k 0/ -a-2 k+a+1 0, 

X • • ••• •— f — >■ X • • ••• 





•0 

or 

a k 0,0 -Q-2 A-+(i+l 0,0 

X— •— • ... •f* X • • ... •f* 

which are standard operators, and 

l-t+« fe 0/^° -l-f-a-2A; k 0/'*° 

X •— • ■■■ •-< X •— • ■■■ " 





90 



or 



fc 0,0 -l-f-a-2fc ;j 0,0 

X • ... «^ X • ... •f* 

yh-ik ^a+A;+lyii...ifc _|_ 

which are non-standard operators. 



□ 
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Remark 



The existence of the invariant hnear differential operators for the various excluded 
weights in Theorem [16] follows from the classification of invariant linear differential op- 
erators on the homogeneous model space as in [5] and [6] . All the so-called standard 
operators (that correspond to individual arrows in the BGG resolution) have curved 
analogues (see [T7] ) , but not all higher powers of the Laplacian in even dimensions allow 
curved analogues, see [SH] and 



6.2.4 Examples 
Example 1 

Let us look at weighted vector fields X"^ G 



Now we can easily use the formula in Definition [35] for Da to obtain the explicit de- 
scription of Z}(j^...Z}j^^)Z)[^X^l — trace. The excluded weights (up to M = 1) have the 
following meaning (on S"): 

1. If w -|- n = 0, then the semi-invariant operator X"^ i-^ VaX" is invariant. 

2. If w -|- 2 = 0, then X"- i— >• V[aX^ is invariant. 



3. Un + 2v = 0, then X" ^ AX„ - ^VaVbX^ + ^PX^ - 2PabX^ is invariant. 

4. If f = 0, then X° i-^ V(aXb) — ^{VcX'^)gab is invariant. 




and hence 




n+2v-2 
n+v 



5. If n + 2v - 2 = 0, then X" A^X" + ... is invariant. 
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These are exactly the same weights that have to be excluded when we carry out the 
construction in the last chapter and compare the central characters: 

0- 



*0 

0/ r 

•-^ [v 

»0 



1 1 0/ r ^1 V 1 0/ 



v-l 1 

X — •— • 








• 




e 



v-2 2 

X — •— • ■■■ 




v-3 
X— 



1 1 



v-3 
X •- 





v-4 1 
+ X •— • 

A similar composition series holds for Bm- 

This allows us, in theory, to write down 
pairings 

S^lv] X S''[w] - 

according to 




the three invariant bilinear differential 
S^'lv + w] 



3x 



2 10 




[v+w-2] C 



110 




110 




[v+w-2] 
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or 

210 O.Or 110 0,0 110 O.Or 

3 X •— •— • ... •f»[v + w — 2\ C •— •— • ... (g) • • • ... •f* [v + w — 2\ 



and the projections 





10 po 

2 1 0/ r , „i v+w 1 0/ 

■ ■ ■ ■■■ •-<( [v + w — 2\^ X — • ■■■ 

>0 



or 

2 10 . r „n v+w 10 0.0 

•f»[v + w — 2\ — > X — mf*. 

These pairings can be computed as 
(a) 

-(w + + n){v + 2)Yb{V^''X^^ - ^g^-^V ^X") 



(b) 



and 

(c) 



V{V + 2){V + n)X5(V('^r') - ^(?"*Ver^) - "'^(^+2)(»+2)(n-l) yay^^b 



2n ^ 2n ''^ nJ 



Example 2 

Let us look at the second order pairing 

S^'^^v] X S[w] ^ S[v + w]. 

This pairing is given by 

V + n + 1 
and can be written as 
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where 




This operator is not generally invariant, however DaJ = DaI + ^^'^'(T''); where $ is 
just some function of T, see [3lj. So we can use the fact that V^^Xa = for the unique 
lift V^^ of V""^, to deduce that V^^DaDb/ is invariant. This formula is in accordance 
with|4XI](d). 

6.3 CR- geometry 

In order to be consistent with [37J, the complexification of the underlying Lie algebra 
of this parabolic geometry is An+i- The description of the geometry and the tractor 
calculus of CR-manifolds in this section follows closely [37] and the reader is advised to 
consult this article for more details. 

6.3.1 CR-manifolds 

Throughout this section will be a real 2n + l dimensional manifold with a subbundle 
T^'*^ C C C?) TAi of the complexified tangent bundle such that 

dimcT^'° = n, T^'^ n T°'^ = {0}, where T^'^ = T^, 

and 

[r(Ti'°),r(Ti'°)] c r(Ti'°). 

Define a complex line bundle (the canonical bundle) by /C = A""'"^((T'''^ )-*-). Follow- 
ing [37], we will assume that /C allows an (n + 2)'^'^ root and set £{1, 0) = /C~"+2. The 
bundle S{w,w') is then defined to be the associated bundle of the C* principal bundle 
£^(1,0)\{0} corresponding to the representation 

C* 3 X'"X'"' = lAp'"' exp((w - w') log(A)) G 01(C). 

The representation is defined for w,w' G C with w — w' & Z and it will always be 
implicitly assumed that this is the case. We will use the notation (resp. S") for the 
sheaf of sections of T^'" (resp. T°'^) and £a (resp. So) for its dual. 

Definition 36. A Levi form is a Hermitian form h = h^^ = hp^ on T^'° defined by 
h{Z, W) = —2id6{Z, W) for a non-vanishing global section 6 of C T*Ai (assuming 
as usual that M. is orientable), where H = (T^'°©T°'^) HTM. C TA4 has the property 
that its complexification C^H is T^'^QT^'^. We will only deal with non-degenerate Levi 
forms of arbitrary signature {p,q), p + q = n. The choice of section 6 is called pseudo- 
hermitian structure. It can be shown that a pseudohermitian structure determines 
a connection, the Tanaka- Webster connection, see [63j and [61j. This connection 
satisfies V/i = 0, so raising an lowering indices commutes with differentiation. 
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Remark 

The notations and definitions for CR-manifolds are taken from the case where Ai is a 
codimension 1 real submanifold of a complex manifold. Then we can define for every 
X e M: 

H^ = {v e T^M : E T^M} 

and obtain a complex structure Jx '■ given by Jx{v) = \J —\v. This allows 

one to define T^'° and T°'^ as the +a/— 1 and —\J—\ eigenspaces of Jx when acting on 
<C®Ex. 

The canonical bundle is isomorphic to the restriction of the canonical bundle of 
in + 1, 0) forms on the complex manifold, see [19]. 

Remark 

The two filtrations 

2^1,0 

C O TM D © D and TM D H DO 

rpOA 

of the complexified tangent bundle and the tangent bundle are reflected in the fact that 
the complexified Lie algebra g = An+i allows a 1 2 [-grading, where g_i is the direct sum 
of two irreducible go- modules, whereas the original Lie algebra = su{p + 1, g + 1) has 
a 1 2 [-grading as in [18], 4.14, where it is clear that (0]r)_i is an irreducible go-iiiodule. 

Proposition 15. The Tanaka - Webster connection preserves the splitting 

C © TM = T^'° © T°'^ © span T, 

where T is the unique vector field on M satisfying 9{T) = 1 and LxdO = 0. 

Proof. Details and a proof may be found in ^T\. □ 

This implies that we can compute the covariant derivative componentwise. To denote 
these components we will use the notation Vq,, and Vq. 

Proposition 16. Under change of pseudohermitian structure 9 = exp{T)6, the con- 
nection transforms as 

V,/ = Vaf + wTJ 
Vaf = Vs^f + w'T^f 
Vo/ = Vo/ + ^T^V^/-zT^V^/ 

+ {{w + u;')To + iwi:\ - iwT^^ + i{w' - w)T^T^) f 
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for f G S{w,w') and 

{{w + w')Tq + iwT'^^ — iwT^^ + i{w' — w)T^T^) rg 



n + 2 



for Tq, G £a{w,w'). We have used the abbreviation Tq = Vq,T, Tq = VqT and so forth 
to denote the components of the derivative of T . Using the Leibniz rule (and complex 
conjugation) one can easily determine the transformation law on an arbitrary tensor 
bundle. 

Proof. These explicit formulae can be found in [37], Proposition 2.3. Note that, as far 
as invariance and obstruction terms are concerned, Vo should be treated as a weighted 
second order operator. □ 

Definition 37. There are several quantities related to the torsion and curvature of V: 

1. The pseudohermitian curvature tensor Ra0ys ^ ^a^-ysi^^ 1); 

2. the pseudohermitian torsion tensor A^g G S{ai3), 

3. the Webster- Ricci tensor R^f^ = R^^^p ^ 

4. the Webster scalar curvature R = Ra°' G £{—1, —1), 



^- - ^ " 2{n+l) ^^^pj ^ ^a^, 

6. p = p^-Gf (-1,-1), 

7- = ;^(V„P - 2V^A„^) G £ai-l, -1) and 
8. 5 = -i (V"T, + V-^T^ + P.^P-'^ - G f (-2, -2). 

The transformation laws for these objects can be found in [37] . 

6.3.2 Tractor calculus 

Definition 38. Let £a be the standard representation of su{p+ 1, g + 1) on ]R"+^, then 
the (complexified) representation of An+i on C"+^ has, as a p-module, a composition 
series. 

100 00 100 00 -1 10 00 000 -1 

£j^ = ... •— • = X— •— • ... •— • + X — •— • ... w-^ + X • • ... . 



In terms of sheaves 



£^ = ^(1,0) + ^,(1,0) +^(0,-1). 
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The elements can be identified with tuples 



a 

Sa3Va= I ? 'a I , 

p 

where a e £^(1,0), Va £ £^a(l,0) and p e £^(0, —1). Under change of pseudohermitian 
structure, 9 — exp(T)^, these elements transform as 

a 

p-T%-i(T'^T^ + zTo)a 

Let us denote the dual bundle by and the conjugate bundle by S^- There is an 
invariant Hermitian metric h^s oti £a induced by h^^p that we can use to lower (and its 
inverse to raise) tractor indices in the same way that /i^,^ is used. 
Via h^B we can identify 

Sa = S'' = £(0, 1) + £^(0, 1) (= E^i-l, 0)) + £(-1, 0). 

We can represent elements in this bundle as 

8a^Wa=\ Wa I , 
K 

where r G £(0,1), € £^^(0,1) and k, G S{—1,0). Under change of pseudohermitian 
structure, 9 = exp{T)9, these elements transform as 



r 

K 



( 

y /,_T%-i(T%-iTo)T 



Then the mapping 



SaxSb £ 

(va, Wb) ^ H^^VaWb — (TK-\- VaWph""^ + pT 

is invariant. 

There is a canonical section e £^^(1,0) that is (for each choice of pseudohermitian 
structure) given by 

■ 




1 
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Proposition 17. There are two invariant operators defined on arbitrary weighted trac- 
tor bundles. 



and 



Da ■■ £"^(10,10') 



( 



w'{n + + w')/ 
(n + w + w')Vaf 
[ - (V^V^/ - zw'Vof + w'{l + ^) Pf 



S^iw - l,w) 



w{n + w + w')f 
{n + w + w')Vaf 
[V^Vpf + iwV^f + w{l + ^) Pf) 



where the connections Va, Va and Vo are the appropriate tractor connections uniquely 
determined by the formulae on £a and £a given by 



Vfjl 
- Pf 



-iA. 

















) , V, 









S/0Wa + hapK + Pal3 
V^K — iAp"Wa — TfjT 



and 









Vo 




l = ( 














Vo 


K 1^ ) 





Vor„ - iPjTp + ^Pr„ + 2zT„a 
Vor - ^Pt + IK 



VoWa + iP&^WQ - ^^^^ 

2iT°'Wa — iSr 

Proof. These operators are defined and the invariance is verified in [37] . 



□ 



6.3.3 Special splittings 
Proposition 18. // 

w' ^ {-{n + s)}s=Q,...,k-i, 
then there exists a unique lift for every element fii...i^ G £(^i^,,,i^){w.,w') to an element 
Vh...ik ^ ^{ii...ik)i^ - k,w'), so that 



and 



D\Ah...h = 



^^VAI,...I, = 0. 



Each excluded weight w' corresponds to the existence of an invariant linear differential 
operator. 
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Proof. Let vi^,,j^, G £(^i^_^j^){w — k,w') be an element with ^"^VAh-Jk ~ 0' looked at 
as an element in £i^,,j^^{w — k,w') with special symmetries. To be more precise, there 
are A; + 1 independent components realized as totally symmetric tensors I'^i^.j^ with s 
indices, s = 0, k, and where the tensor with k indices is exactly Vi^,,_i^,. 
We can write 

i ° 

Then we have 

D\Ai2...h = {n + w + w' -k + 1) {y'^vpi^,,,!^ + (n + w')vi^„j^) . 

Using 

I ' 

\ V%,3,.,4+a"V^J3...,, 

and the symmetries of f/i.../^ it is easy to show that D'^VAi2...ik = is equivalent to the 
two equations 

^'^VQi^i,,,,,!^ + (n + w' + l)vi^i,^,„i^ = 
V%/3...4 + (n + w')vi„„i^ + lA'^'vapi,,,,!^ = 0. 

Iterating this process (in the same way as for projective geometry and conformal geom- 
etry) yields the following k equations: 

V%i2...i. + (n + w' + s)vi,...i^ + {k-l- s)iA'"^Vapn...is, s^k-1, 0. (6.3) 

This proves uniqueness. Existence can either be proved by using the explicit description 
of the transformation laws or by the general theory in the last chapter. 

li w' + n + k — I — 0, I — 1, k, then there exists an invariant differential operator 

w-2k k w' w-2k+l k-l -l+w' 
X — •— • ... •-^ X • — • ... • X 

vn...i, ^ V'\..V'^Vi,...i, + C.C.T. . 

□ 



RemEirk 



has the same central character as 



w~2k k w' 
X •— • ... •-^ 



w-2k+l k-l -l+w' 
X • — • ... • X 



if and only if + n + A; — / = 0, / = 1, k. 
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Proposition 19. // 

w ^ {-{n + s)}s=o,...,k-i, 

then there exists a unique lift for every element ^1^...^^. G £(i^_i^^{w,w') to an element 
e - k), so that 

and 

Each excluded weight w corresponds to the existence of an invariant linear differential 
operator. 

Proof. This is proved exactly as Proposition [T8l The equations to solve are 

V%-i,...i, + in + w + s)vj^„j^ -{k-1- s)iA''^v^pi^,j^, s = /c - 1, 
and excluded weights correspond to invariant operators 

w Ok w'-2k w-l k-l w'-2k+l 
X— •— • ... •— • X X •— • ... • • X 

□ 

Corollary 15. For w' = —{n + s), the corresponding invariant linear differential op- 
erator in Proposition [73 can be written down explicitly by using the equations Ii6.3\) 
in the proof of that proposition. An analogous statement holds for w = —{n + s) in 
Proposition UM 

Proof. This is done exactly as in the projective and conformal case. □ 
Example 

Let us take s = k — 2, then 

is an invariant differential operator for G —n — k + 2). 

Now we can use the operators Da and to include vi^,,j^ in the appropriate 
M-bundle just like in the projective and conformal case. We will demonstrate this 
procedure for an example where k = 1. 
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6.3.4 Examples 
Example 1 

For first order splittings of Va € £a{w,w') we have to compute 

w-2 10 0«)'^, 110 01, o/iN 

X •— • ... W-^ = ta{W,W ) 3 Va ^ DxL>bJ^[cVd] ^ • • • ... •— • [w — 6.,W — 1). 

Note that D^DaI = for every tractor field / of arbitrary weight. We proceed in 
several steps: 

1. First of all, we use Propostion [T8l to define 



Va= \ Va \ e Sa{w - l,w'). 



ui'+n ' 

The weight to be excluded is w' + n = 0. If w' + n = 0, then the linear differential 
operator Va ^ V^f^ is invariant. 

2. Then we map va to D^a^b] ^ £[AB]iw — 2,w'). This can be computed by 

* {w — l){n + w + w' — l)v/3 * 

DaVb = I —{n + w + w' — l)vi3 * * 



and hence 



D[aVb] = w{n + w + w' — l)vi3 * 
\ 

£[af3]iw,w') 

e Sa{w,w')+ © +Sa{w -1,W' -1) . 

S{w-l,w' -1) 
The following weights have to be excluded: 

(a) If w = 0, then Va ^— > V[af/3] is invariant. 

(b) If n + w + w' — 1=0, then Va ^ Aw^ + ... is invariant, where the operator 
is given by A = -(V^V/j + V^V^). 

3. Next, we compute DaD^bVc] G • • • ... •— •(w — 3,w'). The following weights 
have to be excluded: 

(a) If w — 2 = 0, then Va ^— > ^(/sVa) is invariant. 

(b) If w + w' + n — 2 = 0, then Va ^ A^f^ + ... is invariant. 
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4. Finally, we compute D^DbD^cVd] £ • • • ... •-•{w — 3,w' — 1) and note that 
the following weights have to be excluded: 

(a) If w' = 0, then Va i— > V^fo, — ^V^v^h^^ is invariant. 

(b) If n + w + w' — 3 = 0, then Va ^ A^f^ + ... is invariant. 

The existence of the differential operators given above can only be guaranteed for the 
fiat model space Ti. If the operator in question is standard (as are all cases (a) from 
above), jlTj guarantees that it allows a curved analogue. 

This can be used, for example, as follows: we can compute the two invariant bilinear 
differential pairings 

(a;„, Tp) ^ T^DgUA or u^DguJA 



as 
(a) 



and 

(b) 



1 v' 

r^(V^^„ - — — VV^u;^) — — uJaV^Tp 

^ v' + n w' + n 



1 w' 

^^(V^r„ — — hp^V^T.^) - — — r„V%. 

w' + n v' + n 



Note that we have divided the pairings hj n + v + v' — 1 and n + w + w'—l respectively. 
Example 2 

Let Va/3 G £(ai3){'W,w') and / G £{v,v'), then the pairing 

w' + n + V '^'^ ' {w' + n + l){w' + ny ^ 

w + n 

is invariant. It can also be written as 
where 

/ v'f 

V 

This operator is not invariant in general, but has an easy transformation law given by 

D^f = D^f + X'^$(T), where $ is some function of T. Now we can use the fact that 
^^vab = to deduce that vabD^D^ f is invariant. This is in accordance with the 
formulae given in 14.3.11 (e) . 



Chapter 7 



Appendix 



7.1 The BGG sequence 

For the convenience of the reader, we will write down the BGG sequences for the 
three geometries that we have considered throughout this paper: projective geometry, 
conformal geometry and CR geometry. We will emphasize which of the maps in the 
BGG sequence give rise to curved analogues via the construction in Chapter [Has Ricci 
corrected derivatives Vj. In this case we will say that an operator arises via extremal 
roots. These operators can then be paired in the canonical way described in Chapter |H 



The general theory 



The BGG sequences are resolutions of finite dimensional irreducible representations of 
G via invariant linear differential operators on G/P. They arise dually via resolutions 
of generalized Verma modules. These resolutions first appeared for Verma modules 
(which are generalized Verma modules for the special case that p = b is a borel sub- 
algebra) in [1] and were generalized in [50]. The interpretation of these resolutions in 
terms of differential operators first appeared in [27] and more details of this construc- 
tion can be found in In [17j these sequences were generalized to general curved 
parabolic geometries. In particular, this shows that all standard differential operators 
(i.e. those which occur in a BGG sequence) have curved analogues. This is not true 
for non-standard operators as mentioned earlier. In fact, the problem of determining 
all non-standard differential operators on G/P is still not solved. Only in certain cases 
(including conformal and projective geometry) this has been solved in [5J and 
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7.1.1 An'. The projective case 

Let us have a look at x— •— • ... •— • . All roots in 0_i belong to the same orbit of the 
Weyl group. Hence all roots in 0_i are extremal and we denote them by 

i 

{6*1, 9n}, Oi — — (ei — ej+i) = — ^ cKj, 

j=i 

in the Dynkin diagram notation 

-2 10 00„ -1-11 00„ -10-11 00 
0^ = X— •— • ... •— •, 02 — • — • ■■■ •— (^3 — ><— • — • — • ■■ 

-10 0-1 

On = X m m ... •— • 

Schematically, the BGG resolution looks like this: 

Vi^V2^Vs^ >Vn^Vn+l, 

more precisely 

a b c e / (a+l)ei -a-2 a+b+1 c e f 

X • • ... •—• — > X • • .. - - 



(6+1)6*2 -0-6-3 a c+h+l e f 
> X • • .. - - 



(e+l)6»„_i x+f+1 a b d e+/+l 
X •— • ... • • 

(/+1)6'„ X a b d e 
> X— •— • ... 



with X = — (a + 6 + c+ ... + e + / + n+l). The meaning of an arrow V W is as 
follows: the highest weight of W* is equal to the highest weight of V* plus mOi, i.e. the 
differential operator between those bundles is of order m and arises via the extremal 
root 9i. One can see that all standard invariant linear differential operators (which in 
fact include all invariant linear differential operators in projective geometry) arise via 
extremal roots. 



7.1.2 Bi: The odd dimensional conformal case 

Let us now look at x-»— • ... *^ . ai is the only short simple root. The roots in 
can be grouped into two orbits of the Weyl group. One only contains ai — ei and the 
other one contains all the others, including —a^. In fact 

0_i = ©aeA_i5a with A_i = {-(ei =t ei)]i=2,...,i U {-ei}. 
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We denote the roots in g_i by 

i 

9i = -€i + €i+i = - ^ ctj, i = 1, 1, 



and 

= -ei - e^+i-i = - ^ ttj - 2 ^ aj, i = 1, - 1. 

j=l j=l+l-i 

In pictures 

-2 10 0,0 „ -1-11 0, „ -10-1 0,0 
0^ — X • • ... •f*, 62 = X • — • ... •f*, 63 = >^-» — • ... 



-10 -1,2 „ -1 0,0 . -1 1,-2 

01-1 = X m m ... Oi = X • • ... 6I/+1 = X • • ... 



^ -10 1 0,0 „ -11-1 0,0 „ 0-10 0,0 

O2I-Z = X • • ••• •f*, fc'2/-2 = X • • ••• t'2/-l = X • • ... 

Note that all 9i apart from are extremal roots. The BGG schematically looks like 
this 

Oi 81 di+i 821-1 
v\ ^ • • • ^ vi > > ■ ■ ■ > V21, 



more precisely 



a b c e, / (a+l)ei -a-2 ((-/)+l c e, / 

X • • ... ^ X • • ... •f^ 

(6+l)6»2 -a-b-3 a c+b+1 e, / 
^ X • • ... 



(e+l)e,_i 2/ a b d.f +2e+2 
> X— •— • ... •) • 

{f+m y-f-l a b d. f+2e+2 
> X • ... • ) • 



(e+l)(?i+i y-f-e-2 a b d+e+1 , / 
> X •—• ... • ) • 



{a+l)62i-i X b c e. f 
> X m m ... 



where y = -{a + b + c + ... + e) - I and x = -{a + 2b + 2c + ... + 2e + f) - 21. So all 
standard invariant linear differential operators apart from the one that occurs in the 
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middle of the BGG resolution arise via extremal roots. The form of the operator that 
occurs in the middle of the BGG resolution is indeed different from the standard form 
of Ricci-corrected derivatives owing to the fact that the target representation occurs in 
® V with multiplicity. An example is given in [TB], Remark 6.6. 

7.1.3 Di: The even dimensional conformal case 

For conformal geometry in even dimensions all roots in g_i belong to the same orbit of 
the Weyl group, so all roots in g_i are extremal. We have g_i = ©eeA-ifle with 

A_i = {-(ei±e,)},=2,...,/. 
In terms of simple roots these can be written as 

i 

di = -(ei - Cj+i) = - y^ttj ,2 = 1, - 1 

i=i 

and 

i 1-2 

621-1-1 = -(ei + Ci+i) = - ^ - 2 ^ aj - ai^i - ai, i = 1, - 1. 

j = l j=i+l 

In the Dynkin diagram notation 

-210 00/ „ -1 -1 1 00/ „ -1 -1 0/ 



di = X — •— • ••• •— «(' , 62 = X — • — • ■■■ •— <^ , 6*3 = X 

: ^0 No \ 

100 -1 1/ „ -100 -1/ „ -100 00, 




\o ^1 ^1 

1 p-i ^0 

-100 00/ „ -100 1/ „ -100 1-1 

1 \-l ^0 

-10 1 0/ „ -11-1 0/ „ -1 0, 

^21-4 = X » » "-f , ^'2i-3 = X » » •-< , f2i-2 = >^ 







■ 

This fits into the BGG sequence as follows: 



jg mg 

a b c e // (a+l)6»i -a-2 a+b+l c e // (6+1)62 

X • • ••• •— if > X • • ■•• 
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y—g—l ah d e/' 

X- 




(/+1)6I(_2 y a b d e 

— > X • • ■■■ 




{g + l)ei-i/' \h + f + g + 2 

9 + f + l 

h+f+1 (h + i)ei\ 

—y—h—1 a b d e/ 

X •— • ■■■ •-iQ 

{h+m\ ^ 

y-g-h-2 a b d e/^'^'^^'^^if+^Wl+i 

X • ■■• 




(^+l)^i_l/ \f + 9 + l 



(&+l)6»2(-3 X a+b+1 c e f/^ ^ i.o,+l)92l-2 x b c e f,^^ 

X — • — • ■■■ •— •( — X • • ■■■ 



where y = -(a+6+c+...+e+/)-/+l and x = -2(6+c+...+e+/)-5-/i-a-2(/-l). 
The general pattern looks like this: 

Vi 

01-1 / 01 \ 

V, ^ ••• Vi_, Vi^, ••• ''-^^ . 

01 \ 01-1 / 

So we see that all standard invariant linear differential operators arise via extremal 
roots. 

7.1.4 An+i: The CR case 

In CR geometry g — An+i, so all roots have the same length. Therefore all roots 0i with 
Qg^ G 0-1 are extremal. In the BGG resolution, however, only those operators arise via 
extremal roots that do not involve the Q-2 part. More precisely, for x— •— • ... w-^, we 

have 

0_ = eaeA_20a + ® = 0-2 + ® 



with 



Ail = {-(ei - ej)}i=2,...,n+i, ^-1 = {en+2 - ei}i=2,...,n+i and A_2 = {-ei + 6^+2}- 
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Let us write 9i = — (ei — Cj+i) and 9j = e„+2 — Cj+i for i = I, ...,n. Schematically the 
BGG resolution looks this: 







1^1,1 



All the arrows, apart from the horizontal ones that are drawn with dotted lines, arise 
via extremal roots. For 

T r ai 02 as an "n+l 

Vi,i = X • • ... • — X , 

for example, 

1. the map Vij arises via 9i (the order of the operator is + 1), 

2. the map Vij — > l^+ij+i arises via 6„+i_j (the order of the operators is a„+2-i + l)5 

3. the map Wij ^i-ij arises via 6j_i (the order of the operator is a, + 1) and 

4. the map Wij Wi-ij-i arises via 9n+2-i (the order of the operator is a„+2-j + l)- 

7.2 Outlook 

There are a few points that remain open and we will list them in no particular order. 

1. The most obvious open question is the conjecture stated in 15.2.31 This conjecture 
would associate a meaning to every excluded representation (geometric weight). 

2. Are there invariant bilinear differential pairings on a homogeneous space G/P 
that do not allow a curved analogue? This happens for invariant linear differential 
operators and the obstruction is given by interesting tensors like the Bach tensor 
in conformal geometry. We have not encountered such a situation as yet, so this 
is a totally open question. 

3. Other Cartan geometries (not necessarily parabolic). This is a field which has not 
been studied very much at all. It would be interesting to see how many concepts 
carry over from the parabolic case. One might, for example, find a parabolic 
geometry that lies above a given Cartan geometry and then one would be able 
use tools such as the BGG sequence. This is a whole new interesting research 
area. 
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